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ABSTRACT
FREE VIBRATION OF PRESTRESSED CONTINUOUS 
COMPOSITE BRIDGES AND SKEW ORTHOTROPIC PLATES
by
Nabi1 Fouad Fanouse Grace
This dissertat ion deals with dynamic response of: ( i )  continuous
composite bridges with prestressed deck; and ( i i )  skew orthotropic slab 
bridges. Transverse cracking of the concrete deck, at the intermediate 
support(s) due to the hogging moment, in continuous composite bridges leads 
to severe reduction in the bridge s t i f fness ;  this re f lec ts  on the dynamic 
characterist ics and the fatigue l i f e  of the bridge. Furthermore, such 
cracks increase the suscept ib i l i ty  of the deck steel reinforcing to 
corrosion, and hence, the maintenance costs are dramatically increased. To 
solve this  problem, the idea of prestressing a portion of the concrete deck 
around the intermediate support(s) is introduced.
In th is  research, an experimental study was carried out on two two- 
span continuous composite bridge models subjected to dynamic, resonance- 
fatigue and ult imate loads. The effects  of prestressing on the dynamic 
response as well as on the fatigue resistance of d i f fe ren t  elements of the 
bridge, such as: longitudinal steel beams, diaphragms, concrete deck,
prestressing s tee l ,  shear studs and steel reinforcing are determined. The 
dynamic response of continuous composite bridges, such as natural 
frequencies and mode shapes, are deduced using the orthotropic plate  
theory, i t  is shown that cracking of the concrete deck as well as fatigue 
cracks can s ig n i f ic a n t ly  reduce the natural frequencies of the structure.
i v
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Furthermore, i t  is shown that fat igue loading can cause a very rapid 
increase in the stress range, leading to sudden and sometimes catastrophic 
fa i lu r e  of the s t ructure .  Results show that  prestressing a portion of the 
concrete deck leads to:  enhancement in the natural frequencies;
improvement in the resonance fat igue l i f e  of the structure ,  as well as i t s  
ultimate load-carrying capacity. The influence of aspect ra t io  and 
r i g i d i t y  ra t io  on the natural frequencies are examined and compared to 
those obtained from beam theory.  The f a i lu r e  of the beam theory to predict  
the natural frequencies associated with the important torsional mode of the 
skew bridge is emphasized.
The solution of the free vibration problem of the skew orthotropic 
slab bridges using orthotropic plate theory is not available in the 
l i te r a tu re .  A solution is developed consisting of mode shapes in the form 
of Fourier Series satisfying the free vibration governing d i f ferent ia l  
equation in skew coordinates.
The arbitrary  constants of the mode shape function are chosen to 
satisfy the boundary conditions. The computer solution program is written 
to formulate the transcendental frequency equations for symmetric and ant i ­
symmetric modes of v ibration. Such analysis leads to the all-important  
lower natural frequencies which are compared to the natural frequencies of 
the applied transient loads in order to avoid the state of resonance; the 
derived frequencies w i l l  be valuable in establishing the dynamic load 
allowance for use in design practice. The agreement of the deduced results 
with those obtained from available f in i t e  element computer programs as well 
as from experimental tests on a 45° skew bridge model confirm the va l id i ty  
and accuracy of the developed series solution.
v
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Parametric study is carried out on the e ffect  of aspect ra t io  and skew 
angle on the dynamic response of skew orthotropic slab bridge.
Furthermore, a comparative study is carried out between skew waff le slabs 
and skew solid slabs of the same mass and same dimensions, to explore the 
advantage of waff le slab construction. This study shows that a skew waffle  
slab possesses higher natural frequencies than a skew solid slab, 
par t icu lar ly  for large skew angles.
vi
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NOMENCLATURE
In se1ecting the symbols used in this dissertation, an attempt was made to 
conform to the l i s t  of recommended symbols for structural dynamics adopted 
1n any structural dynamics books. However, some symbols were adopted to 
avoid confusion. Symbols are defined where they f i r s t  appear in the text;  
those which occur several times are l isted below.
An “ shape function's constant, see Equation 3.3.6 
Aln = cosh Rln cos Rpl
A2n * sinh Rln sin Rpl
A3n ~ S1nh R^n cos R^ ^
A4n = cosh Rln sin Rp2
A5n " cosh R2n cos Rp2
A6n = sinh R2n sin R^
A7n = s inh R2n cos Rp2
A8n ~ cosh Rgn sin R^
a s^ew semi-width of the orthotropic plate.
a span length of continuous composite bridge.
aoo* aom» ano» anm = Fourier coefficients, see Equation 4.2.2  
a(w) -  reai part of Fourier Transform, 
n shape function's constant, see Equation 3.3.6 
Bln = cosh Sln cos Sgl
B2n = s n^h Sln sin S j_
B3n = sinh cos Ss^
B4n “ cosh Sln sin Ss^
B5n “ cosh R2n cos Ss2
xxi i i
B6n = slnh R2„ sin Ss2
B7n = S1‘nh R2n cos Ss2
B8n *  “ sh R2„ sin Ss2
b = semi span of the skew orthotropic p la te .
b = width of continuous composite bridge.
^om* n^m = Courier c o e f f ic ie n t ,  see Equation 4.2 .2
b(w) = Imaginary part of Fourier Transform.
^ln to = Arbitrary  functions dependent on n of the mode shape 
function.
17 to ^24 = Arbitrary  constants of the polynomial mode shape function. 
c = cos 9
p
r t  = Force in the Longitudinal Reinforcement at mid-span.
S.* ^2 = constants ,  see Equation 3 .3 .8
Dx> = Flexural r i g i d i t i e s  o f  the p la te  per unit  length and unit  width
for the composite bridge models and per unit width and unit length 
of the skew orthotropic plate respectively.
» Dg = Coupling r ig id i t ie s  -  contribution of bending to torsional 
r ig id i t y .
E1 ■ 2V 3
E3 °  Ki  I * ! 2 -  3K32 )
E4 *  Kj O K j2 -  K32 )
E5 * -Eiyj4 (e22 - e32)
E6 " ZEI y ^ E jE j
E7 = X1K3 -  x2
E8 *  (Xl K3 + X2y lE2)
xxiv
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e9 * (xxk3 -  V i M
E10 = X3E3 + X4E1 " X5K1
E11 = - X3E4 + X4E2 + X5K3 '  X6
E12 = ' h  <X4K1 '  X5yl El  " X6yl E3’
E13 = - X3 + X4y l K3 + V l S  '  X6yl E4
E14 ■ X7E2 + X8K5 '  X9
E15 * " X7E1 + X8K1
E16 = "X10 + X3GJ
E17 = X9yl E2 + X8yl K3 " X7
E18 = y l  ( X8K1 " X9yl El '
E19 = yl  <x10yl E3 + E1GJ)
E20 = A  ( - x10yl E4 + E2GJ)
^22 = 1/c + (s /c )  K3
E23 = Kl yl /C
^24 = " ( s / c )  -  ^ 3y ^ / c
^26 = “ ( s /c )  "
^27 = “ (s /c)
E28 = (s /c )  K3yx + 1/c
El = Flexural r i g i d i t y  o f  the edge beam.
Ex ,Ey = Modulus o f  e l a s t i c i t y  in x and y d irect ions
E,E = see Equations 6.3 and 6.4
u 4- f u PP Qf the slab to the neutral planes for  ex ’ ey = distance from the top f ib e r  of
bending in x and y directions respectively.
E1 = 2Kl K2
F = k 2 w 2
2 Kl “ 2 
F3 = Kx (K* -  3Kg)
XXV
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4 = K2 (3K2 - K2)
5 = El (Ff - F|)
6 ■ 2E l 4 F1E2
7 = "(X2 + XxK2)
8 “ 21 (X2Z1F2 " X1K2^
9 = Zj_ (X2z 1F1 - X1K1)
10 = X3F3 " X4Fl “ X5K1
11 = X6 + X5K2 " X4F2 “ X3F4
12 ~ “zi X^4*^ x + X5zlFl ” X6Z1^3^
13 X6z1F4 " X5z1F2 + X4Z1K2 + X3
14 ~ “^g ” Xg^2 + X7F2
15 = -XgKx - X7Fx
16 ~ Xxg + ^2^
17 '  X9z1F2 " X8 z1K2 " X7
18 = ' z ! (XgZjFj + X8Kj )
19 •  - 4  ( f ^ j  -  xlo Z lr3)
20 = - * i  (F2 GJ + X1qZi F4 )
21 = " ( s / c ) K 1
22 = (s/c) K2 - l/c
23 = K ^ / c
24 = ( s / c )  -  k2 z 1^ c
25 = Ki/C
26 = s/c - Kj/c
27 = "Kl zl  s/c
28 = -(l/c) + K2zx s/c
xxvi
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^1 to ^4 = Constant coeff ic ients of  the governing d i f fe re n t ia ]  equation
for the skew orthotropic p la te ,  see Equation 3 .3 .2 .
Gn = See Equation 4.2.1
H -  E f fe c t iv e  tors ional r i g i d i t y  o f  the orthotropic p la te .
V UK  Hn(u) = Functions in u, see Equation 4 .2 .1 .
^  -  Equivalent thickness for  the skew and rectangular orthotropic  
p la te s ,  respect ive ly .
* -  Moment of In e r t ia  of the beam cross-section 
*kl to I^g = Def in i te  in tegra l ,  see Appendix B
* j l  to *jg = D e f in i te  in teg ra l ,  see Appendix B.
^lm to ^7^ = D ef in i te  in tegra l ,  see Appendix B.
*Sm to ^gn = Def in i te  in te g r a l , see Appendix B.
*^ 1 » Kg, Kg = Resulting roots of the satisfaction of the governing equation
using the mode shape function for the skew orthotropic plate.
lm.n* ^2m.n = ^esult ing roots of the satisfaction of the governing
i equation using the mode shape function for the continouous
composite bridge
^y = Bending moment per unit dimension in x and y direction 
respectively.
M Mx y ’ yx 28 Twisting moment per unit  dimension in x and y directions  
respect ive ly .
Mass of beam per un it  length or mass per unit  volume of the plate  
n»rn -  In teger ,  number o f  harmonics fo r  skew p la te ,  and id e n t i f ie d  whenever 
used in the t e x t .
n ~ In teg er ,  number respresents the roots of the transcendental frequency 
equation for each m^  in the rectangular composite bridges.
 ^ ~ Number of cycles
xx vi i
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mi = i + 1/ 4 , define the mode shape for rectangular composite bridges.
p = See Equation 3.3.21
pn = Constant, see Equation 4.2 .1
Qn» Qn = Constant, see Equation 3.3.11
* Qy = Shear force per unit dimension in x and y directions.
Rlm.jn ^7m-n = see ^<l ua^1*ons 3 .2 .29 to 3 .2.42
Rr l  = K2zx a nb
Rr2 = K2* V  
Rln ~ ^ l zl an^
R2n = V na 
Ssl = %  b y i K3
Ss2 en a K3
Sxa = 2 /[m4iT4 +an2b2 z12 ( 2F2m2TT2 +an2b2 )]
S X 1 = ( “ I ) "1 mTTS x a
^X2 = C “1 )m ot bSn xa
Sya " 2 / [ m V  +.%2b2y12 ( 2E2m27i2 +ojl2b2 ) ]  
syi = t - 1)"1 m ¥Sya 
sy2 = ( - U ' \  t> sya
Sln = °nl3zl^ l  
s = sin 9
Sbl =
Sa2 = Bn2a2|:2 + ^
Sa3 = Ki  (m2Tr2 +  Bn2 a 2 / z 1 )
Sa4 = k2 ( “m2iT2 + 3n2 a2/ z 1)
Sbl =
Sb2 = m2lj2 + &n2a\
xxvi i i
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sb3 = K1 ^ 2 +
S b4 = K3 C -1"2* 2 +  Sn2 a2 / y i )
Sr = Stress range parameter
Taa -  2/Cm4Tt4 + 6n2a2 (2F2m2* 2 + 6n2a2/ z x2 )3
T a l  = ( - l ) m nmTaa
Ta2 = < - l ) m a V a a
T ba = 2 / [ m 4 ir4 + Bn2 a2 ( 2 E 2 iA 2 +  Bn2 a2 / y x 2 ) ]
Tbl = ( - 1)"1 m*Tba 
T b2 '  ( - D m Sn a T ba
Tn ■= s/c
Uxl - a  2b2z n 2f  1 ^1
Ux2 = m2 ir2 +a 2b2z, n 1%
Ux3 « Z1K1 (m2^ 2 + zla n
Ux4 = Z1K2
9 9 
( - in  ^ +’ zl a
uyi A
uy2 = m2Tr2 +“nZb'2yl 2E2
uy3 = K j * ! (m2ir2 + yl a n
V ° K3y l (m2iT2 + y l “ n







^  » V y  — r \ c a u u  i v c  i u i u c  p c i  u i  i • w ~  ~ . r  r
respectively,  
v = oblique coordinate.
w ( x , y , t )  , w ( u , v , t )  = Mode shape at any time ( t ) .
xx ix
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 ^ ( x , y ) , W (u,v) = Mode shape functions in x,y and u,v directions
respectively.
» Wg, w3 = Shape functions for skew orthotropic plate.
wln = a n2l Kl v 
Wln = a nyl kl v 
W2n = a nzl k2v 
w3n “<Vlk3v
x = Rectangular coordinate.
X(t) = Acceleration time history response in time domain.
X(w) = Acceleration resonse in frequency domain (Fourier transform
function).
to Xjq = Coefficients of derivatives in the boundary conditions. 
y ~ Rectangular coordinate.
= Basic function of the skew orthotropic plate,  see Equation 3.3.19.  
= Basic function of the skew orthotropic plate, see Equation 3.3.19 
v = Poisson* s rat io  
® = Skew angle
>X1- = Parameter, see Equations 3.3 .6  and 3.3.17 
w a Natural frequency in rad./sec. -  or -  as defined in the figures.
am = mTr/a
an = n-rr/a 
= m7r/b  
6n = nir/b
5 = Damping ra t io .
a r = Stress range.
xxx





Composite construction of concrete-on-steel beams has been used with 
increasing frequency in both buildings and bridges. Recent design 
mnovation and improvements in construction materials  and technologies have 
combined to achieve s ig n i f ic a n t  economies and ae s th e t ic a l ly  pleasing 
P ro f i les  in bridge s t ructures .  These advancements, however, may be 
accompanied by an increased s u s c e p t ib i l i t y  to undesirable vibrations and 
structura l  fa t ig u e .
The problem of transverse cracking of concrete decks at intermediate 
supports of continuous composite bridges, subjected to s ta t ic ,  dynamic and 
fatigue loads, is well known. As a result  of such cracking, the advantages 
° f  continuity cannot be f u l ly  realized in design; the stif fness of the 
bridge is reduced and hence, i ts  dynamic response is changed; furthermore, 
the suscept ib i l i ty  of the steel reinforcing to corrosion is increased; and 
maintenance costs are increased. In addition, the code provisions for the 
design of the negative moments region of continuous composite bridges with 
the ent ire  deck prestressed are not as f u l ly  developed as provisions for 
the posit ive moment region under dynamic and fatigue loads.
In order to avoid the transverse cracking problems in continuous 
composite bridges, engineers in North America used to design continuous 
composite bridges as composite in the positive moment regions and non­
composite in the negative moment regions. For example, in 1963 the F. G.
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Gardiner Expressway in Toronto, was made of 106 simply supported composite 
units as shown in Figure 1 .1 .  After  ten years of construction, spalling 
and damage of concrete from exposed faces of beams occurred near al l  
expansion jo in ts  due to the leakage of salt- laden water at the expansion 
Joints, as shown in Figure 1 .2 .  In 1980, the Ontario Ministry of 
Transportation and Communications began repairs by removing only the top 
slab and casting a new slab to be continuous and composite with the 
existing simply supported girders. However, in the opinion of this author 
they may solve temporarily the leakage problems, but most probably the 
transverse cracking problem w il l  recur.
Another recent example is the Conestogo River Bridge, which was 
designed and b u i l t  in 1974 as a continuous prestressed composite bridge, 
shown in Figure 1 .3 .  The deck was prestressed along the entire  three 
spans; th is  may have eliminated the transverse cracks at the intermediate 
supports, but i t  would have increased the compression in the concrete deck 
as well as the tension in the bottom flanges of the longitudinal steel
girders at the midspan sections.
Some codes of practice,  such as the OHBDC (53) ,  specify values of a
dynamic load allowance (DLA) related to the fundamental natural frequency
° f  the structures; this  allowance represents the amount by which the stat ic  
l iv e  loads should be increased to simulate the dynamic effects of the l ive  
loads, assuming beam-type mode shapes. However, in a wide rectangular 
and/or skew bridge with s ignif icant transverse r ig id i t i e s ,  such an 
assumption may lead to unacceptable errors in the estimation of the natural 
frequencies of the bridge. For example, the Tacoma Narrows Bridge, which 
collapsed due to wind e f fec ts ,  fa i led at the second mode shape which was
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3anti-symmetrical in the transverse direction due to weakness in the 
torsional r ig id i ty  of the bridge. Such a second mode shape cannot be 
celiably predicted by the beam-theory; i t  can only be accurately predicted 
by a theory such as the orthotropic plate theory, which takes into account 
two-way action.
The current design codes are unduly conservative in the design of 
composite bridges with transverse diaphragms. In such designs, the 
contribution of the transverse diaphragms to the load distr ibution in the 
bridge is minimized. When transverse steel diaphragms of I-Section are 
connected r ig id ly  to the longitudinal girders, a r ig id gridwork is formed. 
Such a r ig id  gridwork, together with the composite concrete deck, 
distr ibute  the wheel loads on the bridge essentially  in an "orthotropic" 
manner. The use of a prestressed deck around the intermediate supports in 
continuous composite bridges, and taking into account the effectiveness of 
bbe diaphragms (21) ,  (36) ,  (37),  can have the following advantages:
Uniform r i g i d i t y  along the e n t i re  length of the continuous composite 
bridge.
p
Crack control in the negative moment regions, thus avoiding steel 
corrosion and concrete d e te r io ra t io n .
Reduction of maintenance costs.
Enhancement of load d is t r ib u t io n  leading to a more economical design. 
Increased ef fectiveness of the orthotropic plate theory in predicting  
the e la s t ic  response of a continuous composite bridge.
Waffle Slabs
Eor a number of years,  reinforced and prestressed concrete waffle
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4slabs, rectangular and skew, have been extensively and successfully used in 
buildings and many other structures, such as Montreal's Olympic Stadium, 
Houston's International Airport terminals, and the process f loor  in IBM 
Computer Building in East F is h k i l l ,  New York. Besides the aesthetic beauty 
and the a t t ra c t iv e  appearance of a waff le  slab, i t  affords (38): (1)
excellent access fo r  inspection and maintenance of sa l t  damage to the 
reinforcing or prestressing s tee l ,  (2 ) small depth of construction to span 
rat ios leading to dead load reduction and substantial economics, (3) high 
du rab i l i ty  and less maintenance cost, and (4) reduction in the secondary 
stresses and deflection due to the reduction in the dead load moment.
In spite of these advantages, waff le  slabs are rare ly  employed in 
bridges. The only example of the use of waff le  construction in bridges 
seems to be that reported by Lin e t .  a l . (1969).  However, in 1977 a
f e a s ib i l i t y  study was undertaken at the University of Windsor (17, 18, 38),
to Investigate and study the s u i ta b i l i t y  and resulting economy thereof of
s j  „ f f i a clah<; rectangular or skew, for short andemploying prestressed waff le siaos,
medium span bridges under distributed and concentrated s ta t ic  loads. The 
results showed that (38): ( i )  Waffle slab construction for bridges has the
j i  i f a pnfltive to solid slab and slab—on— potential of being a more economical a l ternat iv
girder bridges, and ( 11) when there are large twisting moments in a bridge, 
the orthogonal r ib  system in a waff le slab provides an e f f ic ie n t  means of 
incorporating the required large moments in two orthogonal directions.
The f e a s ib i l i t y  study was continued by El-Sabakhy, et a l . (19) to
tho hohavior of prestressed rectangular and skewinvestigate and examine t e ben i r u« 
j  fat-iaue loadings. The study, was directed waffle slabs under dynamic and f tig  10 y
a. i r t i r c  and fa t igue l i f e  of  such structures,  to f ind  the dynamic ch arac te r !sties
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5This addit iona l  information w i l l  enable the designer to  achieve more 
improvements in the design, since i t  is  a fac t  that the understanding of 
any structure  is incomplote unless i t s  s t ructura l  dynamic and fa t igue  
c h a ra c te r is t ic s  are known and can be accurately  pred icted .
1.2 Motivation and Objectives
As an extension to previous work, i t  became essential to investigate  
the e f fec t  of dynamic and fatigue loadings on continuous composite bridges 
with prestressed decks, and in skew waff le  slabs. Before embarking on this  
task, some questions had arisen, such as (1) What is  the e f fec t  of 
prestressing a deck on the dynamic characterist ics of continuous composite 
bridge ?; (2) What is the structural response of the bonded prestressed 
bars and the shear connectors in the v ic in i ty  of the negative moment region 
in a continuous composite bridge subjected to fatigue loading?; (3) I f  a 
continuous composite bridge is fatigued, is i t  possible to repair? I f  yes, 
what would be: (a) the ultimate load carrying capacity of the repaired
fatigued bridge, and (b) the changes in i t s  dynamic characteristics? and 
(4) Referring to waff le  slab construction, what is the advantage, i f  any, 
in using waff le slab construction in bridge design compared to a regular 
skew solid slab construction with regard to the Dynamic Load Allowance?
In order to answer these questions, dynamics, fatigue and ultimate  
load tests were carried out on two continuous composite bridge models, as 
well as on two waffle slab bridge models (19) .  Although a variety  of 
techniques have been proposed to study the vibration of st if fened plate 
systems, none is completely sa t is fac to ry . There exists no exact solution 
for a general system. Exact theoretical  analysis of the natural
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6frequencies of the above bridges involves cumbersome mathematical 
procedures. Several simplifying assumptions are made herein so that the 
obtained theoret ical results are s u f f ic ie n t ly  re l iab le  and accurate for  
practica l  design purposes. The most common method of analysis of plates 
with para l le l  s t i f feners  in both directions has been to replace the 
st if fened plate system by an equivalent orthotropic plate having d i f fe rent  
e la s t ic  properties in two orthogonal d irec t ions .
The objectives of th is  research are to:
1. Develop a re l ia b le  theoretical solution for  the problem of the free 
vibration of continuous two-span composite bridges, and of rectangular 
or skew waff le  slabs, using orthotropic plate theory, and ver i fy  the 
solution by experimental results and by available f i n i t e  element 
computer programs.
2. Examine the e f fec t  of prestressing a portion of the concrete deck in 
the v ic in i ty  of an intermediate support on the s e rv ic ea b i l i ty  l im i t  
states (cracking) of a composite bridge under dynamic and fatigue
1oadi ngs.
3. Examine the stress range, due to resonance-fatigue loading, in the: 
prestressed s tee l ,  top flanges of the steel girders, and the shear 
connectors at the intermediate support(s).
4. Study the influence of fat igue, of any of the bridge's elements, such 
as shear connectors, diaphragms, and the longitudinal steel 
reinforcement at the intermediate support, on the natural frequencies, 
mode shapes and ult imate load.
The content of  th is  d is se r ta t io n  is arranged as follows:
In Chapter I I ,  the background of the theoretical  methods used to solve
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7the free vibration problem in rectangular and skew slabs is provided.
Also, a review of the available  l i t e r a tu r e  on the fat igue tests of 
continuous composite bridges is given.
In Chapter I I I ,  the mathematical treatment using the orthotropic plate  
theory in solving the free vibration problem of continuous composite 
bridges and skew orthotropic slabs is explained.
In Chapter IV,  the transcendental frequency equations for symmetric 
and anti-symmetric modes of vibration for  the skew orthotropic slab are 
deri ved.
In Chapter V, the experimental work and test  procedures for the 
dynamic, fatigue and ult imate loads are presented.
In Chapter V I,  the experimental and theoret ical  results are discussed, 
and a parametric study is given.
Conclusions and recommendations for future work are presented in 
Chapter V I I .
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9FIGURE 1.2 SPALLING AND DAMAGE OF CONCRETE AT AN EXPANSION JOINT OF THE 
GARDINER EXPRESSWAY BRIDGE
A
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CHAPTER I I  
BACKGROUND AND REVIEW OF LITERATURE
2.1 General
The dynamic analysis of a continuous composite bridge or a skew waffle  
slab bridge commences with the determination of the natural frequencies.
The lowest natural frequency of an average deck slab may vary between 2 Hz 
for  long spans to 17 Hz for short spans. On the other hand, the frequency 
of vibration of a vehicle on i ts  t i r e s  and on i t s  combined t i r e  and 
suspension spring system usually f a l l  in the range of 2 -3 .5  Hz. The 
primary purpose of frequency analysis is ,  therefore, to estimate the 
frequency range and to avoid the state of resonance under e i ther  wind, 
earthquake, or l iv e  load conditions. The l i te r a tu re  contains many analyses 
of specif ic  boundary value problems, in smal1-def lect ion thin plate theory, 
for  which transverse vibrations have been investigated.
This chapter presents the background for the present investigation  
which is divided mainly into three d is t inc t  parts. The f i r s t  part is 
concerned with the free vibration of rectangular,  single and continuous 
orthotropic plates; the second part with the free vibration of skew 
orthotropic plates; and, the th ird  is the study of fa t igue,  and the 
elimination of undesirable transverse cracks around the intermediate 
support(s) in continuous composite bridges.
2.2 Free Vibration of Rectangular Orthotropic Plate
The problem of bridge vibration has been of interest ever since the 
1847 Chester Rail Bridge collapse in B r i ta in  (73) .  Both vehicles and 
bridges have changed considerably since that time, and the parameters
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affect ing vibrations have changed accordingly. Furthermore, the f i r s t  
known observation of nodal patterns on plates was reported by Chladni (8 ) 
in 1787 for completely free square plates; this work inspired much 
subsequent experimental work. However, in 1909 Ritz (54) extended the 
Rayleigh principle for obtaining upper bounds on vibration frequencies of a 
completely free plate problem, demonstrating his now-famous direct  method 
of solution.
From the point of the contemporary bridge engineer, the object of an 
investigation pertaining to bridge vibration is to arr ive at the dynamic 
load allowance (DLA) to be used in the design of highway bridges; th is  w il l  
ascertain the strength of a bridge so that i t  w i l l  not f a i l  as a result of 
strong wind, severe earthquakes, or the movement of heavy vehicles across 
i t ,  and also to assure the psychological comfort of people crossing the 
bridge. The DLA, which represents the amount by which the s ta t ic  l ive  
loads should be increased to simulate the dynamic effects of vehicles (53),  
is related to the fundamental natural frequency of the bridge 
superstructure. This frequency must be determined at the preliminary 
design stage in order to assess the dynamic load allowance.
For an easy and comprehensive theoretical analysis, certain  
simplifying assumptions were made in 1934 by Inglis  (34) and Mise (49) ,  in 
which the bridge is assumed to behave l ik e  a beam. But how far  the results 
from such an analysis correspond with the actual behavior is of the utmost 
importance. The fact is that these assumptions are applicable only for 
re la t ive ly  narrow bridges with long and heavy girders as are usual in 
railway plate girder bridge practice. However, for the calculation of 
response under earthquake forces or moving loads, a complete and accurate
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knowledge of the free vibration character is t ies , including both the modal 
shapes and the natural frequencies, is essentia l .
The most common method of vibration analysis of bridges or stiffened  
plates is to replace the structure by a s tructura l ly  equivalent orthotropic 
plate .  Fundamental to the use of the orthotropic plate technique is the 
determination of re l iab le  estimates for the orthotropic e la s t ic  constants, 
as shown by Kennedy and Grace (21, 36, 37).
The d i f fe re n t ia l  equation for the free vibration of a thin orthotropic 
plate of constant thickness was established in 1910 by Voigt (71).  
Signif icant progress in solving the vibration problem in an orthotropic 
plate has been made since the early 1950's because of the a v a i la b i l i ty  of 
high-speed computers and suitable measuring equipment. Since that time the 
problem has been treated in the l i t e r a tu re  rather extensively.
In 1922 and 1937 Timeshenko published his f i r s t  two books (63, 64) on 
the vibration problems in c iv i l  engineering and on the forced vibration of 
bridges. In 1954, Warburton (72) developed an approximate technique for 
studying the vibration of rectangular plates with any combination of 
boundary conditions using Rayleigh's method. Warburton obtained his 
assumed deflected shape by forming the product of the characterist ic  
functions of two beams, each of which has the boundary condition found on 
one pair  of opposite edges of the plate; this method was used also by 
Mahal ingam (48) to study stiffened plates. The frequencies obtained by 
Mahal ingam were compared with those obtained by Kirk (42) in 1960. For 
shallow s t i f feners ,  Kirk's method is more accurate and for deeper 
s t i f feners ,  Mahalingam's technique is be t te r .  Kirk's frequency results 
compared favorably with those given by Thorkildsen and Hoffman (61).
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Among other methods, Kanazawa and Kawai (35) have analyzed the 
vibration problem of a rectangular plate with closely spaced s t i f feners ,  
for  various combinations of clamped and simply-supported boundary 
conditions; the procedure used is s imilar  to the one used by Timoshenko 
(62) for  the bending of a clamped pla te .  Hoffman (29) used an experimental 
approach to determine the e las t ic  compliances of a plate with closely 
spaced s t i f feners .  He suggested that the values so obtained can be used 
for analysis, thus combining experiment with theory. Later in 1959, 
Huffington and Hoffman (33) solved the d i f fe re n t ia l  equation of vibration  
of an orthotropic rectangular plate with two opposite edges simply 
supported and the other two having any arb itrary  boundary conditions. 
Frequency equations were given for a l l  combinations of boundary conditions. 
Furthermore, Thorkildsen and Hoppman (61) modified the classical theory to 
take into consideration the effect of rotatory iner t ia  forces. By the end 
of 1959, Hearman (27) had used an approximate procedure f i r s t  given by 
Warburton (72) to obtain approximate values for the frequencies of 
orthotropic plates with various combinations of simply supported and 
clamped boundary conditions.
Narouka and Yonezawa (50) u t i l i ze d  the theory of orthotropic plate for  
the analysis of the free vibration of bridge decks made up of 
interconnected beam systems. Similar studies were reported on a simple I -  
beam bridge by Yamada and Veletsos (74).
Sundara and Tagadish (60) used the theory of orthotropic plate for the 
vibration analysis of a rectangular plate with various combinations of 
simply supported and clamped boundary conditions. They employed the 
characterist ic  functions generated by the vibrating beam problem. Further,
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a Fourier Series expansion in terms of these functions was used to y ie ld an 
in f in i t e  set of homogeneous equations.
A sine series solution, previously used for the study of the flexural  
vibration of rectangular isotropic plates by D i l l  and Pister  (15) was 
modified and extended by Dickinson (13) to apply to the free vibration of 
orthotropic plates. In his paper, three part icu lar  plates with d i f ferent  
conditions were given along with two numerical examples.
In 1968, Laura and Smith (43) introduced a solution for the vibration  
of a clamped and simply supported plate stif fened in two perpendicular 
directions. The solution satisf ied the boundary conditions, but not the 
governing d i f fe re n t ia l  equation of the system. Their assumed solution, in 
the form of a polynomial with n terms, led to a set of n homogeneous 
algebraic equations from which the plate frequencies were obtained.
Ng and Kilkarni (51) studied the transverse free vibration of beam- 
slab type highway bridges. A modified approach based on the orthotropic 
plate theory for computing the natural frequencies was presented through a 
set of empirical relations between the plate parameters; th e i r  results were 
in good agreement with those from other methods of solution. Later, in 
1973, Leissa (45) presented comprehensive and accurate analytical results 
for the free vibration of rectangular plate for  21 cases which involved 
dif ferent  combinations of support conditions. However, the solution for 
these 21 cases was l imited to isotropic plates.
In 1985, Grace and Kennedy (22) investigated the dynamic response of 
orthotropic plate structures having fixed-sitnply supported and free-free  
boundary conditions, which had not been considered before due to perhaps 
the mathematical d i f f ic u l t y  in satisfying such boundary conditions. The
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orthotropic plate theory was used. I t  is interesting to note that the 
dynamic response of the aforementioned orthotropic plate was shown to be 
related to that of a continuous orthotropic bridge with two equal spans.
2.3 Free Vibration of Continuous Rectangular Orthotropic Plates
With the continuing trend towards l igh te r  and more f le x ib le  continuous 
composite bridges, potential problems of dynamic vibration are becoming 
increasingly prevalent.  In addition, with the increasing use of continuous 
bridges, and in the case of prestressed composite structures, there is 
considerable evidence that the inherent damping of modern bridges is less 
than that of older ones which were generally su f f ic ie n t ly  s t i f f  and massive 
to avoid vibration and resonance dynamic problems.
Rectangular orthotropic plates free at the edges and continuous over 
r ig id  supports perpendicular to the edges have received less attention in 
the l i t e r a tu r e .  On the other hand, continuous rectangular isotropic plates 
simply supported at two opposite edges, were treated by Veletsos and 
Newmark (69) in 1956 using Holzer's method for torsional vibration of 
shafts .
In 1950, Ayre, Ford and Jacobsen (1) solved the free and transient  
vibration problems of a symmetrical, continuous, simply supported two-span 
beam. In 1979, Elishakoff and Sternberg (16) solved the eigenfrequency 
problem of continuous plates with arb itrary  number of equal spans. The 
technique consisted in solving two aux i l ia ry  problems of the Voigt-Levy 
type in conjunction with the postulated eigenfrequency/wave-number 
relat ionship. However, this approach was applicable to the isotropic plate 
type only. More recently, in 1984, Grace and Kennedy (23) studied the free
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vibration response of continuous composite bridges using the orthotropic 
plate theory. The obtained experimental and theoretical results were in 
good agreement. The frequencies were also compared to the results obtained 
by using a f in i t e  element computer program such as SAP IV.
2.4 Free Vibration of Skew Orthotropic Plates
Quite often skewed plates or slabs are used in modern structures such 
as parts of aeroplane-swept wings, building f loor systems and missiles. 
Recently, the author was involved in the promotion of using waff le slabs 
(orthotropic plates) as process floors in computer buildings in the United 
States and France, as a result of the advantages mentioned in Chapter 1.
Exact solution of the d i f fe re n t ia l  equation of a vibrating orthotropic 
plate are known for the case of a rectangular plate with d i f ferent  
combinations of d i f fe re n t  supporting conditions. On the other hand, few 
works have been published outlining theoretical solutions to the governing 
free vibration d i f fe re n t ia l  equation of skew orthotropic plates. However, 
a method for predicting the natural frequencies of skew orthotropic plates 
using the classical approach is not available in the l i t e r a tu r e .  In 1951, 
Barton (3) used the Ritz method (54) to solve the vibration problem of 
skewed cantilever plates. The aspect ra t io  was equal to one and the skew 
angle took values of 15°, 30° and 45°; the amount of computation depended 
upon the type of functions used to represent the plate deflection; these 
functions were combinations of the characterist ic  functions defining the 
normal modes of vibration of a beam with one end fixed and other end free,  
and for a beam with both ends free .  I t  should be mentioned that the 
inadequacy of the analytical methods at that time led to extensive use of
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numerical methods such as f in i t e  element and f in i t e  difference methods for  
the analysis of the free vibration of skewed plates.
Thirty years l a t e r ,  Campbell and Siu (7) introduced the equivalent 
rectangular slab concept. They showed that the natural frequencies of a 
skew slab could be related to those of the corresponding rectangular slab. 
Although the results were in good agreement with the results obtained by 
using the f in i t e  element computer program SAP IV, i t  was only applicable to 
isotropic skewed bridges which rarely exist in practice.  Recently E l-  
Sebakhy, e t .  al . (19) compared results using the author's theory of the 
free vibration of skewed orthotropic plates to those from tests on a 45° 
skewed waffle slab bridge model. Good correspondence was found.
2.5 Fatigue of a Continuous Composite Bridges
A f a i r l y  extensive body of laboratory data is available on the fatigue 
l i f e  of composite bridge members. Daniels and Fisher (12) performed tests 
on four 2 -span, f u l l - s i z e  continuous composite beams under s ta t ic  and 
fatigue loadings. In th e i r  report, they concluded that: 1) shear
connectors are required in the negative moment regions, and 2 ) an increased 
amount of longitudinal reinforcement is also required in the negative 
moment regions, beyond what AASHTO Specifications require, to improve 
interaction and control cracking of the concrete slab. However, at the end 
of th e i r  report, and because of the divergence in views between this report 
and other studies, i t  was concluded that additional study should be done to 
investigate the fatigue behavior of continuous composite beams. King, et 
al . (41) obtained helpful information concerning fatigue fa i lu re  of 
connectors and ef fec t  of connector fa i lu re  on the performance of a
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composite beam by performing several fatigue tests on composite beams 
containing 1/2-inch diameter stud connectors. This study showed that the 
fatigue fa i lu re  of connectors began at the connectors near the span-ends. 
This fatigue fa i lu re  was detected by using e lec tr ic  strain gages mounted 
near connectors on the bottom of the top flange. Toprac (65) tested seven 
steel-concrete composite beams; he concluded that the fatigue l i f e  of the 
beams with 3/4-inch studs was shorter than that of the beams with 1/2-inch  
diameter studs used by King, et a l . (41); i t  was reported that the 
differences were of the order of 3 ksi in the stress range.
In 1972, Maeda, et a l . (47) carried out f l a t  plate fatigue tests by 
using a cyclic extension applied to a plate in order to answer a question 
in connection with fatigue resistance of the tension flange in the regions 
of a bridge near an in te r io r  support and subjected to repeated negative 
moments. Maeda concluded that "fatigue strength of plate with a stud shear 
connector was influenced mainly by the stress concentration caused by a 
geometrical discontinuity at the root of the stud."
To explore the subject of the fatigue l i f e  of highway bridges, to 
answer the question of how to apply the results from laboratory research to 
practical design problems, and to ascertain the need for fatigue 
consideration in the design of highway composite bridges, the American 
Association of State Highway O ff ic ia ls  undertook tests of eighteen 
composite (steel and concrete) bridges under repeated overstress. These 
tests were reported by Fisher and Viest (20).  This information afforded a 
rare opportunity to compare the analysis and the results from the 
prototypes with the laboratory experiments. Fisher's comparison showed 
that the results of the bridge tests were in excellent agreement with, the
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results from the simple laboratory fatigue tests .  This comparison cleared 
any doubts on the laboratory fatigue tests and encouraged other researchers 
to conduct more fatigue tests on models, enabling engineers to reasonably 
predict the fatigue l i f e  and stress range of composite bridges.
Furthermore, fatigue cracking can be a serious problem in a bridge
when subjected to several thousands of resonance cycles over i ts  l i f e .  I t
is necessary to assess resonance fatigue as part of the design process. 
Salane, et a l . (55) conducted a steady-state resonance fatigue test and a 
subsequent ultimate load test  on a three-span continuous composite highway 
bridge in Butler County, Missouri. The fatigue l i f e  of the prototype was 
estimated by Fisher's formula given by
log N = 8.9754 -  2.8768 log Sr
where N is the number of cycles to f a i lu r e ,  and is the stress range in 
ksi .  The current AASHTO (58) and OHBDC (53) specif ications are based on 
tests which indicated that only the stress range was the main dominant and 
important parameter in fatigue design. However, the results reported by 
Salane indicated that the maximum stress (in the algebraic sense) and 
toughness were also important and s ignif icant  variables. Furthermore, they 
pointed out that design of composite action in the negative moment regions 
should be given serious consideration to achieve considerable economy in 
the steel section at the intermediate supports. This last recommendation 
was important since the tested bridge was designed as composite in the 
positive moment regions (mid-spans) and non-composite, without shear 
connectors, at the negative moment regions (intermediate-supports). I t  was
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observed that considerable changes in the natural frequency and damping 
ra t io  occurred due to the cumulative fatigue cracks in the bridge elements. 
The test  arrangement adopted by Salane, et a l . was very helpful in the 
experimental work reported herein.
Recently, Grace and Kennedy (23) performed similar tests ,  but with 
special treatment for the negative moment region in a continuous composite 
bridge model. Their study showed that fatigue cracks in the steel beam 
substantially reduced the natural frequencies while fatigue-induced hair  
cracks in the secondary members (diaphragms) have no signif icant effect  on 
the dynamic characterist ics nor on the ultimate 1oad-carrying capacity of 
the bridge.
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CHAPTER I I I
THEORETICAL ANALYSIS AND MATHEMATICAL FORMULATION
3.1 INTRODUCTION
Quite often the engineer is required to design skew or rectangular 
plate structures of re la t ive ly  wide planforms, such as those in buildings, 
marine structures and bridges. To accurately predict the structural 
response, i t  becomes necessary to study, among other aspects, the dynamic 
behavior of the structure. Such a study wil l  lead to the all-important  
lower natural frequencies which are then compared to the natural 
frequencies of the applied transient loads in order to avoid the state of 
resonance; as a consequence the derived frequencies wil l  be valuable in 
establishing the dynamic load allowance for orthotropic bridges.
In addition to the usual assumptions made in the small deflection 
theory of thin orthotropic plates, the analysis is based on the following 
assumptions:
1. The dynamic effects of vertical motion only are considered. Only the 
lateral  iner t ia  forces are taken into account, while the effects of 
rotatory iner t ia  and shear forces are sensibly small and therefore 
ignored. The displacement functions are separable in time and space.
2. The r ig id i t ie s  of both the longitudinal and transverse members are 
uniformly distributed throughout the bridge deck.
3. The actual structure of the bridge is represented by an idealized 
substitute orthotropic plate of uniform thickness reflecting the 
characteristic properties of the actual system.
22
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4. The neutral plane in each of the two orthogonal directions coincides 
with the center of gravity of the to ta l  section in the corresponding 
di recti  on.
5. The area of the deck slab is magnified by the factor l / ( l - v  ) to allow 
for  the influence of Poisson's ra t io  (v) .
Past experiences (21, 26, 36, 37) have shown that the above 
assumptions are valid in practice.
The following mathematical approach attempts to present comprehensive
and accurate analytical treatment for the free vibration of two-equal span 
continuous rectangular composite bridges and the single-span skew 
orthotropic plates.
3.2 GOVERNING DIFFERENTIAL EQUATION FOR RECTANGULAR ORTHOTROPIC PLATE 
A general relation between the forces and displacement resulting from free 
vibration, considering bending and twisting forces about each of the in­
plane axes and the normal shearing forces, is derived as follows (Fig.
3 .1):
Summing forces in the z direction gives
Qx,x + Qy,y  -  Shl  w, t t = 0 ( 3 -2 a )
in which
m = mass per unit volume of the plate,  
h^  = thickness of an equivalent orthotropic plate 
w (x ,y , t )  = transverse displacement of the plate,  a function of 
time as well as posit ion.
Summing moments about the x and y axes w i l l  y ie ld ,  respectively:




Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
25
Qy + Mxy,x '  My ,y  ‘  0 <3 -2 ' 2>
and
Q -  M -  M = 0  (3 .2 .3 )x yx,y x,x v
Combining the above three equations gives, in the absence of the body 
couples, the equation of the equilibrium of the plate as
M -  2 M + M = mh,w,.. (3 .2 .4 )x,xx xy,xy y,yy 1 * t t  v '
The relat ion between moments and derivatives of the displacement 
function, w (x ,y , t ) ,  are obtained from the theory of pure bending of plates 
in the form (62):
*  ° i  w,yy)
>2 w>xx) (3 .2 .5 )
where
D , D = f lexural r ig id i t ie s  of the plate per unit width in x and yx y
directions respectively, (21 ,36 ,37) .
Dl ’ ^2 = coupling r ig id i t ie s  -  contribution of bending to torsional
r ig id i t ie s  of the bridge arising from Poisson's ra t io  effect  
(21,36,37).
D , D = longitudinal and transverse torsional r ig id i t ie s  of the plate xy yx
(21,36 ,37) .
Substituting equations (3 .2 .5 )  into equation ( 3 .2 .4 ) ,  the governing 
equation for the free vibration of a rectangular orthotropic plate becomes





II5E* -(Dy w,yy +
M = xy Dxy w’ xy
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where
H = Effect ive torsional r ig id i ty  of the orthotropic plate .
3.2.1 Boundary Conditions
The continuous bridge under consideration has two end ro l le r  supports, 
one intermediate hinged support and the two sides are free or e la s t ic a l ly  
supported as shown in Figure 3 .2 .  The deflections and the moments at the 
end supports (x=0 or x=2a) must be zero, which y ie ld  the following two 
equations:
( i ) w=0
@ -
x=0 or x=2a b . w . bfor  — 4 y 4 — (3 .2 .7 )
2 2
( i i )  Mx=0
x=0 or x=2a; or
Mx ■ Dx \ x x  + V . y y  = 0 ror  » <  f  <3-2 -8 ’
( i i i )  Combining the forces replaced by the twisting couples with the shear 
force along the edge and equating the same to the pressure transmitted from 
the plate to the edge beam, at y = +_ , the following equation is obtained:
-  V = - (Q -  M ) = EIw,y y xy,x'  xxxx
or,
(D + D + Do) w, + D w, = EIw, (3 .2 .9 )v xy yx 2 '  ’ xxy y ’yyy ’ xxxx v '
where El is the f lexural r ig id i ty  of the edge beam.
( iv )  To obtain the second boundary condition at y = + —, the













Roller Support Hinged Support Roller Support
Figure 3 .2  Plan View of Two_Span Continuos Composite Bridge Models I &. II
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twisting moment of the beam is related to the transverse bending moment in 
the plate yielding the following equation:
where GJ is the torsional r ig id i ty  of the edge beam.
The boundary conditions for the continuous composite bridge having two 
free edges are obtained by putting (El)  and (GJ) of the edge beam equal to 
zero in equations (3 .2 .9 )  and (3 .2 .1 0 ) .
for  anti-symmetrical modes about the intermediate supports, Figures 3.3 
(a,b) and 3.4 (a , b ) ; or ,
f o r  symmetrical modes about the intermediate support, Figures 3.3 (c,d) and
Due to the geometric symmetry of the bridge, the vibration modes wil l  
be e i ther  symmetric or anti-symmetric about the intermediate support; and 
each of these modes w i l l  also be e ither  symmetric or anti-symmetric about 
the longitudinal x-axis,  Figures 3.3 and 3.4.
3 .2 .2  Antisymmetric Modes About the Intermediate Support
Since the d i f fe re n t ia l  governing equation for the free vibration of
(3 .2 .10)
(v) At the pier l ine  (intermediate) support (x=a): the deflection must
be equal to zero, 




3.4 (c ,d ) .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
29
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Reproduced with permission o f the copyright owner. Further reproduction prohibited without permission
31
rectangular orthotropic plates is homogeneous, a solution for equation 
3.2.6 can be assumed in the form
w ( x ,y , t )  = E E W (x,y) 9 ( t )  ' J ' m n mn ' ' (3 .2 .14)
in which
0 ( t )  = sinoi t  , mn
t  = time,
a) = the c ircu la r  frequency, rad/sec.,  mn n
W (x,y) = the shape function, mn ' v
Assuming Wmn (x,y )  in the form
H / \ r  r • m x->Wmn (x ,y ) = C e [sin — ]
cl
(3 .2 .15)
w i l l  satisfy  the boundary conditions at x=0 and x=a. Substituting for 9 ( t )  
in terms of w, and for Wffln (x,y) in Eq. 3.2.6 w i l l  y ie ld a quadratic
o
equation in * with roots  ^ mn
r  H + I H2 -  D D + Sh^ 2 D
= + mn —







in which m is an integer which defines the mode shape.
3 .2 .3  Symmetric Modes About the Intermediate Support
To satisfy the boundary conditions at x=0 and x=a, the shape
function w m (x ,y)  is assumed as
1 x jm. n-
Wm n(x,y) = C em n 
i
si n
m.ttx sin m.Tr m.-rrx n
1 1 si nh ——sinh m.Tr
for 0 x  ^ a, ( 3 . 2 . 1 7 )
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where
m.. = i + 1/4 , and
i = 1 2 3I X ) U ) W y • « •
The satisfaction of Eq. 3.2.6 is made possible due to the fact that the 
term in the square brackets in Eq. 3.2.17 is almost equal to the term
m.iTx sin m. it m.irx
sin —— + • ■■ sinh ——- sinh m. it -
a i d
very close to the boundaries x=0 and x=a. I t  should be noted that the 
expression for m.iris quite accurate even for small values of i ;  e .g . ,  when 
i = 1, 2, and 3, m^ ir = 3.92699, mg it = 7.06858 and m^ rr = 10.21018, 
respectively; the corresponding values, based on the frequency equation 
tan m.it = tanh m.ir, (13),  are 3.9266, 7.0686 and 10.2102. Thus, using Eq. 
3.2.17 in Eq. 3.2.6 leads to the following roots f o r X m>n:
X = + 
m^ n —
4 1/2H ■ D D + nx y m. n
T T
m . i r (3.2.18)
in which
n = 1, 2, 3, . . .  and equal to the number of roots of the 
transcendental frequency equation for each m. , and,
? . - 4  4 4.
n = 111 n / m -5 ^  )•m^ n 1 m.n y i
Inspection of equation 3.2.16 or 3.2.18 reveals that there are three
 ^ m-n^
orthotropic plate categories as shown in Figure 3.5. The term Ce 1 in 
Equation 3.2.17 can be completely determined for each category by 
satisfying the boundary conditions at y=+ b/2 .
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3.2.4 Category I
This describes a torsionally  soft and flexural ly  s t i f f  plate where
2
H < D 0 . I t  includes the more common type of open rib plate, waffle  x y
slab, T-beam slabs, as well as concrete slab-on-steel beams construction.
As shown in Figure 3 .5 ,  this category is subdivided into:
2
Subcategory 1(a) in which (H -  D D ) < ftm.n . This leads to two
y i
alternatives, namely:
For the former, the only possible modes are those that are symmetrical
about the x-axis. Thus, from the transcendental frequency equation,
obtained by satisfying the boundary conditions along y = + b/2  and equating
 ^m • n^the determinant to zero, i t  can be shown that the term Ce 1 in 
equation 3.2.17 becomes
H > J H  ■ DxDy + or, H < J  H -  DO, + o „ ^ x y “ m. n
Ce
x ym.. nJ cosh K, _ 2- i i
(K?„ „D -m?ir2D,) cosh K,m „ lm.n y i 2 2m.n -1 l a
L cosh 2 Klm. n (K|qj nDy“miir2° 2  ^ cosh 2 K2m.n -
(3.2.19)
in which R = b/a; and the eigen values
r H+J ^ x V S n  !
in =iL Dv J
m^ iT (3.2.20)





; these eigen values are not independent but are related by
i/2 + ix2 2m^ 77^  —
Klm.n + K2m.n 2V  Dy
( 3 . 2 . 2 2 )






Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
35
As mentioned ear l ie r ,  the anti-symmetric modes do not exist since the 
corresponding frequency equation has no real roots.
j
For the case H <^j  H -  DxDy + ^ m>n, i t  can be shown, by following
the same procedure, that for symmetrical modes
Ce
x y
m. n r C05h Klra,n *  <Klmj n y " V ' 2D2) c° s h ^ \  'i a
R
L cosh £ Klm_n ^ 2mj nDy+mi 7T^ D2  ^ C0S 2 K2m.n J
(3.2.23)
and, for anti-symmetrical modes





sinh K (KJ _2_ 2 .9 *'1m n '^Om nD„+m? r Do) Sln 7  KOm „ J2 l ^n 2 .. n y i 2 2 2 .^ n
(3.2.24)
in which
Klm .n = ±
^  (H2-DuDw) +fim „ + H 1/2x y' m^ n m^.iT (3.2.25)
K2m.n = -
^  (H2-  DxDy ) + fim „ - H 1/2m^ n m^ ir (3.2.26)
; these eigen values are related by
Y2 YZ -9m  2 2 H
lm.n ‘  2m.n " 2mi *  D
•J
(3.2.27)
Subcategory 1(b) -  In which (H -  DxDy ) for this case Eq. 3.2.18
becomes
X m „  =  +  ( K 1m  n +  K 9 n ) m i 7T m.n — lm.n — 2m. n -----
a
(3.2.28)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
36
in which Klm.n = [





K r H' V v  1i" =L — — J
and V "  = ‘ “A  "1 J 1









cosh (otm K1m ny) cosh (am K2m ny)m. lm.nJ
+ — -—  sinh (a K. v) sinh (a K„ y) D m. lm.n*7' v m. 2m. nJ'
3m .n
(3.2.32)
in which = m i^r/a and
= (H - D2> cosh < % fKlm .„ I  ) cosh (“ m .K2 m .n !  >
+ (H -  Rim J
1/2
lm,.n> s1nh < V Kl m . n ? >  s1nh <“ n,.K2n,.n I  > <3 -2-3 3 >1 1
R3V  = <D2 -  H> sinh |>  s l" h !  >
1/2
-  (H -  R ) cosh (a K £)  cosh k m.K2m. n ■§ ) (3.2.34)
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When H n , i t  can be shown that for symmetrical modes
a y
m,-ni 1
^  = C° Sh (am1Kln«1ny) C0Sh (am.K2m.n^
+ —J —  sinh (a K. y) sinh (a K„ y) 
5m.n mi lmi" mi 2mi"
in which
+ H 1/2
r V Ri v  " I
"L 2Dv J
h 1 /2r - 1
i n 1  2Dy J
R4m = (D2 -  H) cosh n !> cos I  >
9 ^ 2  h K
+ (Ri m,n ’  H > s i"h ?> s1" 2 >
R5mj n = ( H - D 2) sinh ( a ^ K ^ f )  s in (a mjK2mjn| )
? 1/ 2 h :
+ (Rl mjn '  H > cosh cos (“ ra.K2m.„ !  >
For anti-symmetrical modes 
A y
mi n i
Ce =  ------- sinh (» Klm y) cos (a K2 y)
R6m.n 1 1  1 1
+ — -—  cosh (a K. y) sin (a K„ y) 
n m. lm.n'7' v m. 2m.n-7'
R7mjn 1 1  1 1









R6m.n= <H " °2> s1nh (“ ir,.Klm n !>  cos '“ r n . ^ n  7  1
,  1/ 2 7 "
M R lm.n - H )  cosh fam. Klm. n ? ) sin „ \  ) (3.2.41)
R7V  * <H " ° 2> c° sh !> s i" !  >
, i / !  :  :
+ R^lm.n 7 H  ^ s1nh (“» . Kl , . n 2 >  cos 2 > (3.2.42)
3.2.5 Category I I
O
This describes an orthotropic plate structure where H = 0 0 , andr x y*
would include reinforced or prestressed concrete slabs which may or may not 
have different amounts of steel in the longitudinal and transverse 
directions. For this category Eq. 3.2.18 simplifies to






Thus, when H >Vv , only symmetric modes about the x-axis
x m .n^
exist and the term Ce is given by Eq. 3.2.19 with Klm n and
K«_ „ defined as 2m.. n
K1m n = + lm. n —




n = +2m.j n —
1/2
( 3 . 2 . 4 5 )
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A v m.ir7
I f  H y ^ m_n, the term Ce 1 for the symmetic and anti-symmetric modes are 
given by Eqs. 3.2.23 and 3.2.24 respectively, with




V n - Hm. n
D
1/2
m^  tt (3.2.47)
3.2.6 Category I I I
This category describes torsional ly s t i f f  but flexurally weak
2
orthotropic structures in which H > D D ; i t  includes closed rib platesx y
and hollow box girder constructions in which the torsional r ig id i ty  is more 
dominant than the flexural r ig id i ty .  The two subcategories are:
2 1/ 2 * m. ny
When H > (H -  DXD^  + n) > the term Ce for a symmetric mode
about the x-axis is given by Eq. 3.2.19 with K|m>n and K2m n defined by
Eq. 3.2.20. As before, no antisymmetric modes are possible.
2 1/2 
When H < (H -  DxDy + n) » ^hen the solutions for the term
V 1
Ce for symmetric and antisymmetric modes are identical to those 
given by Eqs. 3.2.23 and 3.2.24, respectively, with n and K2m>ndefined
by Eqs. 3.2.25 and 3.2.26.
A y m.n*7
I t  should be noted that once the term Ce is found, as shown 
previously, the shape function W(x,y) is determined from Eq. 3.2.17.
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By replacing by m in Eqs. 3.2.19 through 3.2.47, one can deduce the 
shape functions for the anti-symmetric modes about the intermediate 
support, discussed in Section 3.2.2.
3.3 GOVERNING DIFFERENTIAL EQUATION FOR SKEW•ORTHOTROPIC PLATES
The problem associated with skew orthotropic plate structures under 
dynamic loadings, either from highway t r a f f i c ,  supported machinery, or from 
any other external sources, has received less attention than that given to 
rectangular orthotropic plates; i t  requires special solution dictated by 
i ts  boundary conditions and dynamic characteristics. This lack of 
attention could be, perhaps, due to the mathematical d i f f ic u l t ie s  
encountered in satisfying the boundary conditions and choosing the proper 
displacement function. For design purposes, skew orthotropic plates must 
f i r s t  satisfy the c r i te r ia  for static loadings (17,18,38), and then i t  must 
be satisfactory for resisting the dynamic condition by knowing its  dynamic 
characteristics; this will enable the designer to avoid resonance, thus 
enhancing its performance under dynamic loadings.
Many skew slab-type bridges have been built ;  they have been 
successfully analyzed as skew orthotropic plate structures; i t  is desirable 
to find a solution for the dynamic problem based on the classical 
orthotropic plate theory also, rather than depend on existing numerical 
solutions. Therefore, the following mathematical treatment is meant to be 
a comprehensive solution for the free vibration problem of skew orthotropic 
piates.
The coordinates of the rectangular (x,y ,z)  and oblique (u,v,z) systems 
are related by
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u = x/cos 9
v = y-x tan 9 (3.3 .1)
where 9 = skew angle,
The free vibration governing d i f ferent ia l  equation for a rectangular plate,  
Eq. 3.2.6 is transformed into skew coordinates, as explained in Appendix A, 
yi elding
V -u u u u  + Gl w>uuuv + G2w'uuvv+ G3w’uvvv
- • . 4  ( 3 . 3 . 2 )
+ 4 w* v v v v = -  mhl c w- t t
where
G1 " “4sDx
G2 = 2(3Dxs2 + He2 )
G3 = “4s ( V 2 + Hc2)
4 2 2 4G« = D s + 2Hs C + D ch x y
c = cos 9 
s = sin 9 and
iiih^ c4w,t t  = inert ia  force due to free vibration
The elastic properties, flexural and torsional r ig id i t ie s  of an
orthotropic plate can be found elsewhere in (19,25,39).
3.3.1 Boundary Conditions
A skew orthotropic plate having two opposite ends simply supported and 
two other sides e la s t ica l ly  supported or free is shown in Figure 3.6.
( i )  At the simply supported ends v = b, the deflection must be zero 
which yield the same equation as Equation 3.2.7 for -a<u<+a.






Figure 3 .6  Skew Orthotropic Plate
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
43
( i i )  Also, the moment normal to the support must be zero:
Mn = 0, or Mxs2 + Myc2 + (Mxy -  Myx)sc = 0 
@v = + b
or
Xl w’ uv + X2w’vv = 0 at v = + b for -a^u^a (3.3 .3)
where
Xt . s(2Dxs2/c2 + 2D2 ♦ 0xy ♦ Dyx) 
x2 = " s2 ( °xs2/c2 + 2H) “ c2°y
( i i i )  At the e las t ica l ly  supported edge Equations 3.2.9 and 3.2.10 can be 
transformed into skew coordinates which yields the following two boundary 
conditions: For equating the transverse shear,
X3w,uuu + X4w’ uuv + X5w,uvv + X6w’ vvv = EIw’vvvv (3 .3 .4)
at u = +a for -b^v<b
where
x 3 -  Dx c3 .
X4 = -3Dxs/c3
X5 - (3Dx s2/c2 + Dj + Dxy + Dyx)/c 
X6 = -s(Dxs2 c2 + Dx + Dxy + Dyx) /c
;for equating the edge plate moment to the twisting moment in the edge
beam;
X7w’ uu + X8w’ uv + X9w’vv + GJw’ uvv + X10w’vvv = 0
at u = + a for -b<v^b (3.3.5)
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where
x7 = Dx/c  
X8 = -2Dxs/c  
Xg = (Dxs2 + DlC2 ) /c  
X1Q = -sGJ
The above two boundary conditions Eqs. 3 .3.4 and 3.3.5 w i l l  not be the 
same at u = -a unless the mode shape function consists e ither  of even or 
odd terms only.
3 .3 .2  Mode Shape Functions
The d i f fe ren t ia l  equation for the free vibration problem of a skew 
orthotropic plate is homogeneous and the solution is assumed as:
X.. = number of the roots resulted from satisfying the governing 
equation;
n = integer,  represents the number of harmonics to be considered for 
the required accuracy of the resulting frequencies.
X . , An and Bn are functions of the geometry and the e las t ic  properties 
of the skew plate.
By substituting Equation 3.3.6 into Equation 3 .3 .2 ,  then separating 
and equating the coeff ic ients of sin3nv and cos3nv, dividing by sin cot, 
yie ld the following two equations in Ap and Bn.
00 U
w (u ,v , t )  = E e 
n=l
(Ansin3nv + Bn cos 3pv) sin cot (3 .3 .6)
where
3n = n*/b
( 3 . 3 . 7 )




C1 = Dx xi " 2 ( 3Dxs2 + Hc2)xi en + (Dxs4 + 2Hs2c2 + 3n
4-u 2 -  c mh^ co
C2 = [ 4sDxXi ’  4s (Dxs2 + Hc^ / 3n] XA
These two equations have a non-tr iv ial  solution; therefore, their  
determinant must be equal to zero. This determinant yields the following
characteristic octic equation in X..
Ci 2 + C22 ■ 0




C1 = + i  c2 (3.3.10)  
where
1 - V ^ -  '
In order to solve this quartic equation, another variable is 
introducted as
Qn = X. + is 8n (3.3.11)
2
which yields the following quadratic equation in Q
DxqJ -  2Hc2Q2 62 ♦ o / e j  -  0 
whose roots are given by
Q = + xn —




( 3 . 3 . 1 3 )
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Using Equation 3 .3 .11,  gives
4x =
i 4 H 'H - D D + mh1 cj2D /  34 x y 1 x n
1 / 2
D.
c + is 3,
(3.3.14)
Inspection of Equation 3.3.14 reveals that there are eight possible
combinations of \ j . Only one case wil l  be considered herein, corresponding
to a plate having H <D D , which is torsionally soft and f lexura l ly  s t i f fx y
p
where (H -D D ) ,  which has a negative value, is greater than the frequency x y
2 4term of mh.w D / 6  .
X A ii
Separating the real and imaginary parts under the sign of the square 
root in expression of (Equation 3.3.14) and simplifying, yield the 
following roots




k3 -  c
V d d -" x y ffihl “2°x/e h + H
2 D X
V  D D -1 x y ™hl “2[V  Sn - H
2Dx





r -  s
Substituting Equations 3.3.15 and 3.3.10 into Equation 3 .3 .6 ,  taking 
into consideration all  of the eight possible combination of all the roots 
and u t i l iz in g  the relations between the hyperbolic, trigonometric and 
exponential functions, a possible mode shape function in u,v and t can be 
assumed as
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In cosh kl 8nu + C2n si nh k ^ u ] COS (k2u+v) en
3n cosh klSnu + C4n sinh M n u] si n (k2u+v)3n
5n cosh kl Bnu + C6 n sinh k ^ u ] cos (k2u-v) $n
7n cosh kl 8nu + C8n si nh kl 6nu] si n (k2u-v) 3n
x sin wt (3.3.16)
To minimize the CPU time and to improve the efficiency of this  
mathematical solution, advantage is taken of the quadrant symmetry of the 
skew plate and i ts  boundaries. As i t  w i l l  be observed la te r  on that the 
mode shapes of the skew plate are e ither  symmetric or anti-symmetric about 
the center of the polar coordinates. For that reason, when e ither  even 
(symmetric modes) or odd terms (anti-symmetric modes) are considered at a 
time, the boundary conditions at the opposite edges would become identical 
and the number of boundary conditions would reduce from eight to four for 
each mode shape.
When the mode shape function w (u ,v , t )  is used to satisfy the four 
boundary conditions, i t  becomes necessary to expand the mode shape function 
of u and v in a fourier  series yielding (2n+l) equations (25,26) for each 
boundary condition or 4(2n+l) for four boundary conditions. In order to 
have a more general representation of each mode shape, another mode shape 
function is introduced by replacing u by v in Equation 3 .3 .6 ,  giving,
oo -  -2
Ai w A;
w2 (u ,v , t )  = 2 e [A cosan u + Bn sinanu] sin — g- t
n=1 a n (3.3.17)
where
a n = nir/a, and
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X.j = number of the considered roots resulted from satisfying the 
governing equation.
Again, substituting Equation 3.3.17 into Equation 3 .3 .2 ,  separating and 
then equating the coefficients of sinanu and cos a nu, and introducng 
another variable of Qn, which is given by
In order to have a relation between X and X., one can assume that ai i ’ n
= en which means that a must be equal to b, i . e . ,  this solution is only 
applicable to a plate having an aspect ratio equal to one. The values of 
X.. in Eq. 3.3.18 are re-written in a simplified form as shown below.
where
yield the following roots
X 1 a n
i
+ rH±VH2 -°xDv + i5hl“V 4nl1/2c.is
D., (3.3.18)
±  kl i  1 k3
= (+ k1 + i k2) y ^  OR (+ k1 + i k3) (3.3.19)
where
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Proceeding as before, considering al l  of the l inear combinations of 
the roots, another shape function, w?( u , v , t ) ,  can be taken as shown below.
where , C,n . . . .  Cn(- are arbitrary  constants dependent on n.9n lUn lbn
Combining the two mode shape functions w ^ u .v . t )  and w2 (u ,v , t )  and 
considering either symmetric modes (even terms) or anti-symmetric modes 
(odd terms) yield eight dependent constants for each mode shape. In order 
to have the same number of arbitrary constants in the mode shape function 
as there are equations, the following polynomial function of (u,v) only and 
independent of ( t )  is added to the other two mode shape functions (26).
+ [C13 cosh U 1k1an) v + C14n sinh ( z ^ a ^ v ]  cos ( z ^ v  -  u)an







where C17* C18* °24C„. are arbitrary constants.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
50
Substituting equation 3.3.21 in the governing equation 3.3 .2  yields 
expression for the constant (P) given by
P = (s4Dx + 2s2c2H + c4D )/Dx 
However, i t  should also be noted that each function of w ^ u .V j t ) ,  w2 (u ,v , t )
and w2(u,v) has an equal number of odd and even terms; adding them results
in (8 n+4 ) terms, which correspond to either symmetric and/or anti-symmetric 
mode shapes. The satisfaction of the boundary conditions and formulating 
the transcendental frequency equation for the skew orthotropic plate wil l  
be discussed in more detail  in Chapter IV.
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CHAPTER IV
TRANSCENDENTAL FREQUENCY EQUATION 
FOR SKEW ORTHOTROPIC PLATES
4.1 DIVISION OF THE MODE SHAPES
Basically, the vibration modes of skew orthotropic plates are either 
symmetrical or anti-symmetrical about the center of the polar coordinates. 
To u t i l i z e  this observation, the mode shape function given by
w(u,v ,t)  = w ^ u .v . t )  + w2 (u ,v , t )  + w3 (u,v) (4.1.1)
is divided into even and odd terms. The even terms represent the symmetric 
modes and therefore the following arbitrary  constants of the odd terms must 
vanish in order to calculate the symmetric modes:
C2n=C3n=C6n=C7n=C10n=Cl l n =C14n=C15n=C18=C19=C22=C23=0 (4.1.2)
(For symmetric modes)
Furthermore, the odd terms represent the anti-symmetric modes and the 
following arbitrary constants of the even terms in this case must vanish:
Cln=C4n=C5n=C8n=C9n=C12n=C13n=C16n=C17=C20=C21=C24=0 (4.1.3)
(For anti-symmetric modes)
The transcendental frequency equation for symmetric or anti-symmetric modes 
is obtained by satisfying the four boundary conditions, at the end and side 
supports, discussed in Chapter I I I ,  and by considering only even or odd
terms, respectively. However, to f a c i l i t a te  this mathematical approach,
- 2
to X ,•
and since the values of sin wt and sin -----2 t in Equations 3.3.16 and
a „
51
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3 . 3.20 are in the range of -1 to +1 , i t  is assumed that
- 2
s i n w t = s i n  w  ^i t  = 1.0
n
Without this assumption, the satisfaction of the four boundary conditions 
becomes impossible. However, while the above assumption fa c i l i ta te s  the 
mathematical solution, i t  l imits the app l icab i l i ty  of the solution to a 
skew orthotropic plate having a 45° skew angle.
In this chapter, the satisfaction of the four boundary conditions at u 
= + b for - a  4  v 4 a and at v = + a for -b  ^ u ^ b for either symmetric or 
anti-symmetric mode shapes of a skew orthotropic plate are discussed.
4.2 SYMMETRIC MODE SHAPES
The boundary condition given by Equation 3.2.7 at v = +_ b, states that 
the deflection must be equal to zero; thus, by substituting equations 4.1.1
and 4 .1 .2  in Equation 3.2.7 the following equation is obtained:
00
HQ(u) + E [Hn(u) + Pncosctnu + Gnsinan u] = 0 (4.2 .1)
n=l
where
Ho<u> = C17 + C20 2 + ° 21 + ° 2^  4
a b
Hn(u) = ( -1 )"  (Cln cosh uln cos u2n + C4n sinh uln sin u2n
+ C5ncosh uln cos u3n + C8n sinh uln sl' n u3n' 
pn = C9n Aln + C12n A2n + C13n Bln + c16n B2n 
Gn = " c9n A4n + C12n A3n + C13n B4n " C16n B3n
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where
Aln t0  V -  Bln t0  B8 n and uln> u2n- u3n are def1ned 1n the 
nomenclature.
To satisfy exactly this boundary condition, i t  becomes necessary to 
expand the two function HQ(u) and Hn(u) in Fourier Series over the range -  
a<u^a. Hence,
H (u) -  a + E, (a cosot u + b sina u) „ o\ov ; oo m=l v om m om m ' (4.2.2)
and
H (u) = a„„ + £ (anm cosa u + bnm sina u)n no m=l nm m nm m
where a  = ; and, a , .  ar t . brtm, an„,  a„m and b„m are Fourierm ’ ’ oo om’ om’ no’ nm nm
cl
coefficients; the ir  expressions are derived in Appendix B.
By substituting Equation 4.2.2 into Equation 4 .2 .1 ,  this boundary 
condition becomes
00 00 r. , 00 .
aoo + X , ano + C(acm + z anra + Pn> coso,n u n=l m=l n=l
00
+ ( b + Z b + Gn) sinam u] = 0 om , nm n m n=l
(4.2.3)
The resulting equation 4.2.3 shows that the coefficients of si namu ar|d 
coso^u are l inear ly  independent. Therefore, they must be equal to zero. 
Thus,
00
a +  ^ a = 0oo . non=l
OO
a „  + S ( anm + PrJ = 0 f ° r m> !om , n  nn=l
bom + Z, (bnm + Gn> * 0 for m> 1 . (4 -2’ 4)n=l
Substituting the Fourier coefficients and P and G„ into Equation 3 n n
4 .2 .4 ,  yields the following three equations:
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C17 + 3 C20 + C21 + C24  ^ gb4 '
+ „ ! i  (‘ 1)n (C1" Kl"  + C«" K2" + C5n K3- + C8n K4n> = 0 (4 -2 ' 5)
4 00 _
C20 Jlm + C24 PJ3m ^4 +n= / ' 1  ^ ^ l n ^ l  + C4n l k2 + C5n *k3 + C8n W
+ C9n Aln + C12n A2n + C13n Bln + C16n B2n = 0 for 1 (4 ‘ 2 *6)
“ C9n A4n + C12n A3n “ C13n B3n '  C16n B4n = 0 for 1 (4*2*7)
I f  m harmonics of the series are considered, the second and third 
equations yield 2m equations, and together with the f i r s t  one yields (2m+l) 
equations for one boundary condition.
The boundary condition given by Equation 3.3.3 at v=+b states that the
moment normal to the support must be equal to zero; proceeding in a similar
way, as before, another set of three equations are obtained as shown below:
X9 X9
2 C21 ^2 "12 C24 ^2
+ l - D " 8 '  ^Cln <F7Kln -  Xl kl k2n> + C4n <Xl kl kln + F7K2n>n=l
+ C5n E^7K3n + Xl kl k4n  ^ + C8n ^"Xl kl k3n + F7K4n^ = 0
(4.2 .8)
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n=l (_1 n^ Bn ^ m ^ V k l  “ Xl kl I k2) + C4n ^ l M k l  + F7I k2)
+ C5n ^ 7 ^ 3  + Xl kl W  + C8n “^Xl kl I k3 + E7*k4^
401 m *-C9n ^ F8Aln + F9A2n^  + C12n “^F9Aln + F8A2n^
+ C13n (E8Bln + E9B2n) + C16n ("E9Bln + E8B2n^ = 0
For ml 1 (4.2.9)
a n [C9n {" F8A4n + F9A3n) + C12n (F9A4n + F8A3n)
+ C13n (E8B4n “ E9B3n^  + C16n (" E9B4n “ E8B3n^ = 0
For n > 1 (4.2.10)
Similarly, the satisfaction of the boundary condition given by 
Equation 3 .3 .4 ,  at u=+a, yields the following three equations,
24 C24 (X3Pa + E l ) /b4 +
nI 1 t - l ) nc n4 [C 9n ( F sK5n + F6K6 n ) ♦  C12n ( - F 6 K5n ♦  F ^ )
• + C13n (£5K7n + E6K8n  ^ + C16n ^ 'E6K7n + E5K8 n ^  = 0
(4.2.11)
Cc9n ( p5I k5 + F6I k6) + C12n (“ F6I k5 + F5I k6)
+ C13n (E5rk7 + E6I k8) + C16n ”^E6I k7 + E5! k8^
+ Bn tCln (-EI 3nA5n + F10A7n + Fl l A8n)
+ c4n (“EI BnA6n " Fl l A7n + F10A8n)
+ C5n (-EI BnB5n + E1QB7n + Eu B8n)
+ C8n (-EI 3nB6n -  El l B7n + E10B8n »  = 0 n>'  1 (4- 2‘ 12)
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-  24 C24X6J5m/b3 +
mil (■1 ' l"cm l'C9n ^F1210S + F13!J6*
+ C12n ^ F13I 05 + F121J6  ^ + C13n (E12XJ7 + E13I J8^
+ C16n “^E13I J7 + E12I J 8 ^  +
3n tCln ( Fl l A5n ” F10A6n + EI BnA8n)
+ C4n ( F10A5n + Fl l A6n " EI 6n A7n> + C5n(-El l B5n + E10B6n " EIfV W
+ C8n ^'E10B5n “ El l B6n + EI BnB6n ^  = 0 "*  1 (4 ‘ 2*13)
The following three equations are obtained from the fourth boundary 
condition, given by Equation 3 .3 .5 ,  at u = +_ a:
.2 , 0 0  v /k2 . 1  r  fiov d=2 _ /iV u.2'2 C20X7/a^ + 2 C^Xg/b^ + 1_ C24 (12X7Pa£ -  4Xgb^)
b4
+ n=l ^"1^n a n [-C9n^F17K5n + F19K6n^  + C12n ^"F18K5n + F17K6n^
+ C13n (E17K7n + E18K8n) + C16n (" E18K7n + E17K8n^ = 0
(4.2.14)
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- 1 2  C2 4 X90 lm/t»2
+ m=l ("1)nlam '-C9n F^17I k5 + FlS I k6) + C12n * ' F18I k5 + F17! k6'
+ C13n ^E171 k7 + E18I k8) + C16n ^"E18I k7 + E17I k8)]
+ Bn j Cln *-F14A5n + F15A6n + Bn F^16A8n “ GJKl A7n^
+ C4n ^F14A6n " F15A5n " Bn G^JKl A8n + F16A7n^
+ C5n -^E14B5n + E15B6n + Bn E^16B8n " GJKl Bgn^
+ C8n tE14B6n “ E15B5n ~ Bn (GJKl B8n + E16B7n -^1 |  = 0
1 (4.2.15)
-  24 C24X10J5m/b3
+ m=l [C9n * F19! j5  + F20I j 6 J + C12n ( ' F20I j5  + F20I j6*
+ o I—*
* 
s?, <E:191 j7 + E20I j8^ + C16n <E191 j8 " E201 j 7 ^
Cln Cen ( p16A5n + GJKiA6n) + F15A7n " A14A8n^
+ C4n CBn F^16A6n " GJKiA5n) + F15A8n + A14A7n^
+ C5n ( E16B5n + GJKl B6n> ” E15B7n + E14B8n]
+ C8n ’^ E16B6n + GJKiB5n) " E15B8n " E14B7n]
n *  1 (4.2.16)
The satisfaction of the above four boundary conditions yields in f in i te
set of equations, (8n+4), of in f in i t e  number of constants, (8n+4), as shown
in Figure 4.1. Equating the determinant, which consists of the
coefficients of these constants, to zero yields the transcendental 
frequency equation for symmetric mode shapes. The accuracy o f  the
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resulting frequencies depends on the number of harmonics and on the rate of  
convergence of the roots of the transcendental frequency equation.
4.3 ANTI-SYMMETRIC MODE SHAPES
Proceeding as discussed before for symmetric mode shapes, another set 
of 4(2n+l) equations wil l  be obtained for the same four boundary conditions 
corresponding to the anti-symmetric mode shapes.
Substituting Equations 4.1.1 and 4 .1 .3  into Equation 3 .2 .7 ,  the 
following set of (2n+l) equations are obtained.
Proceeding as before, the following three equations are obtained for 
the boundary condition given by Equation 3.3.3:
C19 + C23 = 0 (4 .3 .1 . )
n> 1 (4.3.2)
3
n>y 1 (4 .3 .3)
6 C23X2/t)2 = 0 (4.3 .4)
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( 4 . 3 . 6 )
For the boundary condition at the e la s t ic a l ly  supported edge given by 
Equation 3 .3 .4 ,  the following set of (2n+l) equations are obtained:
6 C22X?/a3 + 6 C23X6/b3
oo n O
+ n=l ^  an ^C10n^F12K5n+ F13K6n^  + Cl ln  ^F12K6n” F13K5n^
+ C14n E^12K7n + E13K8n  ^ + C15n^E12K8n " E13K7n^ = 0 (4.3.7)
n i l  “^1 m^ am ^C10n ^F12I k5 + F13I k6  ^ + Cl ln  F^12! k6 " F13I k5^
+ C14n (E121k7 + E13I k8) + C15n E^121k8 " E13*
2n (“EI 3nA7n + F10A5n + Fl l K6n)
3n (-EI BnA8n + F10A6n " Fl l K5n>
6n (“EI BnB7n + E10B5n + h l h n '
7n ( “EI 3nB8n + E10B6n ” El l B5n^ = 0 1
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Similarly, for the boundary condition of Equation 3 .3 .5 ,  the following 
set of (2n+l) equations are obtained:
6 X7C22/a 2 + 6 X10C23/b 3
+ n=l ^"1 n^ an ^ lOn (F19K5n + F20K6n  ^ + Cl ln  ^ F20K5n+ F19K6n)
+ C14n ( E19K7n + E20K8n  ^ + C15n ^"E20K7n + E19K8n^ = 0
(4.3.10)
e n | C2n t_6n (~F16A6n + GJKl A5n^  + F14A7n + F15A8n^
+ C3n *-"3n +^F16A5n + GJKl A6n  ^ + F14A8n “ F15A7n^
+ C6n ^ - 6n ^ E16B6n + GJKl B5n) + E14B7n + E15B8n^
+ C7n ^"Bn ^ E16B5n + GJKl B6n  ^ + E14B8n " E15B7n^|
+m=l CC10n ^F19I k5 + F2 o W  + Cl ln  ^ 1 9 ^ 6  " F2 o W
+ C14n E^191 k7 + E20I k8  ^ + C15n E^19Xk8 " E20! k7^ = 0
n>, 1 (4.3.11)
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Thus, the determinant of the symmetric mode shape, which wil l  yield 
the transcendental frequency equation, consists of 4 (2n+l) equations given 
by Equations 4 .2 .5 ,  4 .2 .6 ,  4 .2 .7 ,  4 .2 .8 ,  4 .2 .9 ,  4.2.10,  4.2 .11, 4.2.12,
4 .2 .13,  4.2.14, 4.2.15 and 4.2.16 (see Figure 4 .1 ) .  S imilarly ,  for the
anti-symmetric mode shapes, the determinant equation consists of Equations: 
4 .3 .1 ,  4 .3 .2 ,  4 .3 .3 ,  4 .3 .4 ,  4 .3 .5 ,  4 .3 .6 ,  4 .3 .7 ,  4 .3 .8 ,  4 .3 .9 ,  4.3.10,  
4.3.11 and 4.3.12 (see Figure 4 .2 ) .
4.4 COMPUTER PROGRAM FOR THE NUMERICAL SOLUTION
Rigorous solution of the governing d i f ferent ia l  equation for the free 
vibration of a skew orthotropic plate using the classical approach is 
extremely d i f f i c u l t .  Review of the relevant l i te ra tu re  has not revealed 
any published work in this area. In the classical solution presented
herein the entire analysis is programmed to obtain the solution of the
governing d if ferent ia l  equation for the vibration of a 45° skewed
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orthotropic plate. The program is written in Fortran IV for an IBM 360 
computer for the generation of the even and odd terms, representing 
symmetric and anti-symmetric mode shapes. The solution of the 
transcendental frequency equations for the evaluation of the natural 
frequencies is obtained using the i te ra t ive  approach. The program is 
written so that the solution can be obtained for any number of harmonics 
and for both elastically-supported or free edges. The computer program is 
applicable only to a skew orthotropic plate having a 45° skew angle and an 
aspect ratio of unity.
4.4.1 Flow Diagram
The computer program algorithm flow diagram for the solution of the 
governing d i f ferent ia l  equation to find the natural frequencies of a skew 
orthotropic plate is shown in Figure 4 .3 .  The program starts by reading 
the input data which consists of the number of harmonics to be considered, 
the elastic  properties such as Dx , D^, D1 , D^, Dx^, D , the dimensions of 
the length and width of the analyzed plate, the parameters defining the 
types of the mode shapes to be analyzed, and the l i s t  of parameters to be 
printed. The f i r s t  check is to classify the category to which the analyzed 
plate belongs; this is done by comparing i ts  flexural r ig id i t ie s ,  D and
A
Dy, with the effective torsional r ig id i ty ,  H. I f  the computer finds that 
the skew plate is other than f lexura l ly  s t i f f  and torsionally weak, i t  will  
print the input data and stop. Otherwise, i t  wil l proceed to the next 
check. The next check is to test i f  the flexural r ig id i ty  is greater or 
smaller than the frequency term. A third test is made to check that the 
value under the sign of the square root, given in Equation 3.3.14, is
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greater than the effective torsional r ig id i ty .  I f  the f i r s t ,  second and 
third tests are found to be negative, positive and positive, respectively, 
the computer wil l print the input data and wil l  proceed to calculate the 
roots of the mode shape function, which are K ,^ and Kg; otherwise i t  
will  stop and print the input data only. Then the subroutine CONSTANT wil l  
be called to calculate the constants which are functions of the mass, the 
r ig id i t ie s ,  number of harmonics, and the geometry of the slab. I f  the 
symmetric mode shapes are required, the proper harmonic number wil l  be 
considered, and the subroutine COEFF w il l  generate the transcendental 
frequency equation, as shown in Figure 4 .1 .  After the computer has 
determined the symmetric modes, a subroutine ANTIS is called and the 
transcendental frequency equation for the anti-symmetric modes wil l  be 
evaluated, as shown in Figure 4.2. The subroutine MINVRS, available in the 
University of Windsor computer l ib ra ry ,  is then called to find the roots 
for the symmetric and anti-symmetric transcendental frequency equations. A 
l is t ing  of the program is included in Appendix E.
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0 0 0 0 An(2,5) An(2,6) An(2,7) An(2,8) 0 0 0 0 3^n 0
V 3 .1 ) Af/3,2) Ah(3,3) AJ3.4) Ah(3,5) Ah(3,6) Ah(3,7) An(3,8) Ah(3,9) 0 Ah(3,H) 0 C6n 0
0 0 0 0 0 0 0 0 0 0 0 Ah(4,12) °7n 0
0 0 0 0 An(5,5) An(5,6) An(5,7) An(5,8) 0 0 0 0 C10n 0
An(6,l) An(6,2) An(6,3) An(6,4) An(6,5) An(6,6) An(6,7) An(6,8) 0 0 0 0 Clln 0
0 0 0 0 An(7,5) An(7,6) An(7,7) An(7,8) 0 0 An(7,ll) An(7,12) C14n 0
An(8,l) An(8,2) An(8,3) An(8,4) An(8,5) An(8,6) An(8,7) An(8,8) 0 0 0 0 C15n 0
An(9,D An(9,2) An(9,3) An(9,4) An(9,5) An(9,6) An(9,7) An(9,8) 0 0 0 0 C18 0
0 0 0 0 An(10,5) An(10,6) An(10,7) An(10,8) 0 0 An(10,ll) An(10,12) C19 0
An( l l , l )  An(ll,2) An(ll,3) An(ll,4) An(ll,5) An(ll,6) An(ll,7) An(ll,8) 0 0 0 0 C22 0
An(12,l) An(12,2) An(12,3) An(12,4) An(12,5) An(12,6) An(12,7) An(12,8) 0 0 0 An(12,12) _C23. 0
FIGURE 4.2 .MATRIX EQUATION OF (8N+4) EQUATIONS FOR SYMMETRIC MODE SHAPES OF A 45° SKEW ORTHOTROPIC PLATE
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Start
Read a, b, 9, m, , # of harmonic 
* Dy ’ 1^ ’ * *^ xy ’ ^yx* , ^2* *^3


















Call MINVRS, Find the roots
FIGURE 4.3 FLOW DIAGRAM TO CALCULATE THE NATURAL FREQUENCIES OF A 45° 
SKEW ORTHOTROPIC PLATE FOR THE SYMMETRIC AND ANTI-SYMMETRIC 
MODES




This chapter is concerned with the experimental investigation, models 
set-up, materials and procedures for the s ta t ic ,  dynamic, fatigue and 
ultimate load tests of two bridge models. Vis its  were made to f ive  
dif ferent  universit ies in Ontario to determine the most accurate and 
re l iab le  instrumentation, needed for this experimental study, such as 
accelerometers, l inear  variable d i f fe re n t ia l  transformers, D.C. 
d i f fe re n t ia l  transformers, dynamic-fatigue strain gages, and data 
acquisition system. These v is i ts  were also necessary to determine and to 
build the best excitation system to be used as a source for the dynamic 
loading and fatigue loading through which a resonance fatigue can be 
induced to the models. The "moving mass" and the modified Gilmore 
hydraulic actuator.combination performed quite s a t is fac to r i ly  for the 
dynamic and the fatigue loadings. The performance of this modified system, 
which was modified by the help of Mr. Kiss, the technician in the 
Department of Civil  Engineering, l e f t  no doubt as to the a b i l i t y  of this  
loading system to induce the required stress levels during the resonance- 
fatigue tests .
The range of the models' accelerations, strains, and displacements 
were estimated f i r s t  so that the sensors range and sens it iv i ty  would be of 
the same order. The capabil ity  of the data acquisition system, recently 
purchased by the Civi l  Engineering Department, was quite satisfactory in 
al l  tests .  Interfacing this data acquisition system with the IBM Personal
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Computer enabled the transmission of the measured data to the main computer 
system. Hence, data reduction was performed and the most meaningful data 
was obtained.
5.2 SCOPE OF EXPERIMENTAL PROGRAM
The fundamental objective of this experimental work was to evaluate 
the theoretical derivation of the free vibration analysis of continuous 
composite bridges, and to substantiate the theoretical results .  Another 
aspect of this experimental program was to use the dynamic characteristies  
of bridges as a periodic inspection to o l ,  in addition to visual inspection, 
to examine and detect fatigue fa i lu re  of any of the bridge elements during 
i ts  l i f e .
In order to achieve these goals and obtain the most meaningful 
experimental data, two 1/4 scale models of a two-span continuous composite 
bridge were b u i l t .  This scale was the most suitable for prestressing 
requirements and the available space in the laboratory.
Each model was free along the sides, paralle l  to the t r a f f i c .  The two 
ends were simply supported and the middle was continuous over an 
intermediate hinged support. The two continuous composite bridge models I 
and I I  were exactly ident ica l ,  except bridge model I I  had a prestressed 
post-tensioned concrete deck around the intermediate support, i . e .  in the 
v ic in i ty  of the negative moment area. Each model was made of three 
longitudinal steel beams connected r ig id ly  with five transverse steel 
diaphragms located at each support and at the middle of each span. The 
concrete deck was connected to the main beams by means of Nelson stud shear 
connectors. In order to avoid any fatigue fa i lu re  in the tensioned flanges
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at the intermediate support, no shear connectors were located within six 
inches of the intermediate support. The e lastic  properties of the 
concrete, steel beams and diaphragms, prestressed and reinforcement bars 
were determined according to the American Society for Testing and Materials 
Specifications.
A series of experimental tests were carried out on the two models, I 
and I I .  These tests comprised of s ta t ic ,  dynamic, fatigue and ultimate 
load tests .  Bridge Model I was subjected to a concentrated stat ic  load 
applied at the span center of the middle girder to confirm the findings 
from ear l ie r  tests (37).  The dynamic tests on Models I and I I  comprised 
of: ( i )  the sweep or sine-wave test;  ( i i )  the log decay tes t ,  and ( i i i )  
the natural mode shapes te s t ,  to determine the ir  dynamic characteristics,  
such as natural frequencies, damping ra t io ,  and the associated mode shapes. 
Dynamic tests were conducted before commencement of the fatigue test as 
well as a f ter  fatigue fa i lu re .  One and two actuators were used to conduct 
the dynamic and fatigue tests on Model I and I I ,  respectively. Ultimate 
load test was conducted on bridge Model I a f ter  the fatigued model was 
repaired, while in Model I I  the ultimate load test was conducted on the 
fatigued and unfatigued spans to determine the load carrying capacity after  
fatigue cracks had occurred.
To measure the most significant and meaningful data due to dynamic and 
fatigue tests on the two models at high frequency range (18-35 Hz), the 
models were instrumented by several accelerometers, l inear variable 
dif ferent ia l  transformers, D.C. d i f fe ren t ia l  transformer, and dynamic- 
fatigue strain gages. All of these sensors were connected to the Megadac 
2000 data acquisition system which interfaced with the University of
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Windsor main-frame computer. The fast Fourier transform concept was used 
for data reduction and to obtain the time history of the model's signature 
and the spectrum responses from which the natural frequencies were 
obtained. The interfacing programs were developed with the help of Mr. 
Jerry Monforton from the Electrical Engineering Department.
The evaluation of the theoretical analysis of the free vibration of 
the skew orthotropic plate, explained in Chapter IV, was made possible by 
comparing the obtained theoretical results with the experimental work 
carried out by El-Sebakhy, et a l . which is described elsewhere (19).
5.3 MATERIALS
5.3.1 Concrete
The concrete mixes used for bridge Model I and I I  were composed of 
high early strength cement, coarse and fine aggregates and natural water. 
The high early strength Portland cement (CSA) manufactured by Canada Cement 
company provides high strength within a week. The water cement ratios were 
60% and 40% for bridge Model I and I I ,  respectively. The size range of the 
coarse aggregates (crushed stones) was restricted to 1/8 inch (3.17mm) to 
1/4 inch (6.35mm). This maximum size of coarse aggregates was determined 
based on the concrete cover on the top of the shear connectors. The 
combination of the coarse and fine aggregates was prepared by mixing 60% 
coarse aggregate to 40% fine aggregate, which gave a well graded combined 
aggregate according to the AC1 code. An Eerich Concrete Mixer Model EA2 
(2W), having a charging capacity of f ive cubic feet (0.14m ) ,  was used for  
mixing the two concrete mixes for models I and I I .  The cylinder tests were 
made by obtaining a concrete sample from each batch. The compressive
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strength of the concrete mix for bridge model I was about 4.0 ksi (27.58 
MPa), while for bridge model I I  i t  was about 6.0 ksi (41.37 MPa).
5.3.2 Grout
Cement grout having a compressive strength of 4.45 ksi (30.68 MPa) was 
used to bond the prestressed bars in the postensioned concrete region at 
the intermediate support of bridge model I I .  High early strength cement 
mixed with sand and natural water was used. To ensure good workability and 
high strength of the cement grout, six t r ia l  mixes were made. Also, an 
Intraplast-N expanding grouting aid provided by Sika Canada Incorporated 
was added to the mixes. I t  was experienced that this grouting aid 
increased f lu id i ty  and produced a slow, controlled, expansion prior to 
hardening. Furthermore, Intraplast-N content does not contain any 
chemicals potentially dangerous as to stress corrosion in prestressed bars. 
Table 5.1 shows the property of the f ive mixes and their  strength after  
seven days. The injection was applied at one end of the prestressed 
concrete portion until i t  was forced out of the other end. Because of the 
Intraplast-N product a few psi pressure was found to be suffic ient for this 
short bar. I t  should be noted that this grout mix was designed in such a 
way that neither bleeding nor segregation would occur. This grouting mix 
and the required pressure was f i r s t  experimented on a small prestressed 
slab 4 ' x21 (1.22m x 0.61m), before using i t  on bridge model I I  as shown in 
Figure 5.1.
5.3.3 Sikadur Hi-Mod Epoxy Adhesive
Sikadur Hi-Mod epoxy adhesive provided by Sika Canada Incorporated was
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used to bond the fresh reinforced concrete portions to the hardened 
prestressed concrete portion of bridge model I I .  The fresh reinforced 
concrete was placed against the prestressed concrete deck while Hi-Mod was 
s t i l l  tacky, in between. Using this product resulted in no jo ints between 
the prestressed concrete and reinforced concrete portions, thus uniform 
r ig id i ty  was assured along the two-spans. The two equal-part components A 
and B of this product were mixed for three minutes using a low speed d r i l l  
until the blend had a uniform color, and then applied by brush on the two 
ends of the prestressed concrete deck. Typical physical characteristics of 
this product was provided by the company as shown in Table 5.2
5.3.4 Steel Beams
The longitudinal steel beams were S 5 x 14.75 of G40.21-M300W grade; 
the transverse diaphragms had a section of S 3 x 7.5 of the same grade of 
steel.  Mechanical properties such as y ie ld stress, tensile strength and 
percentage of elongation of the longitudinal girders and transverse 
diaphragms were obtained from tensile coupons cut from supplied steel.
These properties are shown in Table 5.3 . In addition, the properties of 
the steel beams are given in Table 5.4.  The 120-kip (533.76 KN) Tinus 
Olsen Universal machine was used to test the coupons at 0.025 inch per 
minute (0.635 mm per minute) speed until  fracture occurred.
5.3.5 Stud Shear Connectors
Stud shear connectors of 0.5 inch (12.7 mm) diameter and 1.5 inches 
(38.1 mm) long provided by Nelson Stud Welding Division of TRW Canada Ltd. 
were used in bridge models I and I I .  The connectors were welded to the top
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TABLE 5 . 1













1 1.0 1.0 0.0 3.04 Extremely f luid
2 1.50 1.0 0.25 3.20 Fluid
3 1.75 1.0 0.25 3.45 Medium to thick fluid
4 2.0 1.0 0.25 4.45 Dense grout
5 2.25 1.0 0.0 5.69 Very dense grout
6 2.50 1.0 0.0 6.53 Extremely dense grout
TABLE 5.2
TYPICAL PHYSICAL CHARACTERISTICS 




















9,000 540,000 1,900 5,900 4,800
(1 PSI = 6.895 x 103 Pa)
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TABLE 5.3 AVERAGE MECHANICAL PROPERTIES OF STEEL BEAMS
TENSILE
YIELD STRESS STRENGTH PERCENT
(KSI) (KSI) ELONGATION IN 2"
42.0 72.0 24



















(LB) IN2 IN4 IN3 IN4
3
IN IN. IN. IN. IN.
S 5x14.75 4.29 15.0 6.0 1.7 1.0 5.0 3.28 0.326 0.494
S 3x7.5 2.17 2.9 1.9 0.59 0.47 3.0 2.51 0.260 0.349
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flange of the longitudinal steel beams by using Nelson stud equipment, 
which provided equal shear in all directions, eliminated any distortion 
that might result from hand welding, and permitted more satisfactory 
compaction of concrete around the connectors.
Nelson Company provided a complete l ine of stud welding system and 
power source to meet this research requirement. The simplest and most 
common procedure for locating stud positions was followed by laying them 
out and then center punch through holes in a templet. This method usually 
resulted in a good tolerance. Electric-arc stud welding is the most common 
process and was uti l ized for welding the shear connectors. The Nelson NS- 
20A HD, which is a heavy duty stud welding unit designed specif ically to 
weld small diameter stud was used along with the welding gun which is a 
semi-automatic, lightweight, pistol shaped tool.
The stud was held in the welding gun with the end of the stud placed 
against the top flange. The cycle was started by depressing the trigger 
button start switch. The fastener is then automatically retracted from the 
top flange to establish an arc. The arc continued for a predetermined 
period of time until a portion of the stud and the top flange have been 
melted. The molten metal was held in place by a ceramic ferrule which also 
served to shield the arc. The weld metal was deoxidized by a flux in the 
weld end of the stud. This procedure resulted in a strong weld which 
developed the full  strength of the stud and the top flange as was 
experienced in the static and fatigue push-out tests. The welding currents 
ranged from 250 to 3000 amps. Figure 5.2 shows the welding machine, 
welding gun, stud and ceramic ferrule. The mechanical properties of the 
headed studs are given in Table 5.5.
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TABLE 5.5
MECHANICAL PROPERTIES OF HEADED STUD SHEAR CONNECTORS
NOMINAL TENSILE YIELD
DIAMETER AREA STRENGTH STRENGTH
(IN.) (IN2) (KIPS) (KIPS)
0.5 0.196 11.78 9.82
(IN = 25.4 mm, KIP = 4.448 KN)
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FIGURE 5.2 NELSON STUD WELDING SYSTEM
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5.3.6 Reinforcing Steel
5.3.6.1 Steel for Reinforced Concrete Deck Slab
Two layers of plain mild steel bars of 3/16 inch diameter (4.76 mm) 
were used as reinforcing steel in the top and in the bottom of the 
reinforced concrete slab of bridge model I and in the reinforced concrete 
slab portions of bridge model I I .  The bars were cleaned from oil and hooks 
were provided at both ends for the longitudinal and transverse 
reinforcement. The stress-strain relationship for the reinforcing bars is
3
shown in Figure 5.3. The modulus of e last ic i ty  was found to be 28.5 x 10 
ksi (196.8 x 103 MPa) a yield stress of 78 ksi (537.8 MPa) and an average 
ultimate strength of 89 ksi (613.66 MPa).
5.3.6.2 High Tensile Steel for the Post-Tensioned Concrete
High tensile steel wires of 0.276 in. (7.01 mm) in diameter were used 
for prestressing the concrete deck in bridge model I I .  The typical stress- 
strain relationship for the prestressing steel is shown in Figure 5.4. I t  
indicated a minimum yield stress of 190 ksi (1310 MPa) and minimum tensile 
strength of 236 ksi (1627 MPa). The wire exhibited a smooth surface and 
good resistance against slippage from the grips, in providing good control 
on the amount of the required prestressing force.
5.3.8 Formwork
The forms consisted of 3/4 inch (19.1 mm) thick plywood, and were 
supported on brackets of 2x6 inches (50.8 x 152.4 mm) and 2x2 inches (50.8 
x 50.8 mm) plywood posts as shown in Figure 5.5. The brackets were spaced 
about three feet apart and rested on the floor. This arrangement was used






Strain ( 10 in.
Figure 5.3 Stress-Strain Relationship of 3 / l6  Reinforcing Bar.














E = 2 9 .4 x 1 0  Ksi 
Min. Yield Stress = 190 Ksi 
Min. Tensile Strength =236 Ksi
0.02 0.03
Unit Strain i n /  in-
Figure 5.4 Typical Stress_Strain Curve For Prestressing Steel Wire O f 0 . 2 7 6  inch Diameter
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in both models I and I I ,  and provided a rigid form. Figures 5.6 and 5.7 
show the prestressed and non-prestressed slab formwork with the 
longitudinal and transverse reinforcement of bridge model I I ,  respectively.
5.4 EXPERIMENTAL MODELS
5.4.1 Design Procedures and Construction of Bridge Model I
The model that was adopted in this investigation had two spans, each 
span being 12.0 feet (3.66 m) long and 3.0 feet (0.91 m) wide. Figure 5.8 
shows the dimension of the cross-sections and the layout of bridge model I .  
The three S5 x 14.75 beams for each bridge model, together with five 
(S3x7.5) steel diaphragms were assembled into a single frame by f i l l e t  
welding to ensure interaction between the longitudinal steel beams and the 
transverse diaphragms; the diaphragms were located at each support and at 
the middle of each span; the beams were spaced 1.0 foot (0.305 m) apart. 
Each beam was cut from nominal length 30-foot (9.12 m) rolled sections.
The excess pieces were used to provide material for tension tests of the 
steel and for push-out tests. The shear connectors were welded to the top 
flange of each of the longitudinal beams; the shear connectors were over- 
designed compared to the 0HBDC recommendations (53).  This was necessary to 
test the model under resonance-fatigue.
All studs were placed in pairs and were distributed uniformly along 
the three dist inct  lengths, namely, from the support to the mid-span, from 
the mid-span to the point of contraflexure and from this point to the 
intermediate support. However, no shear connectors were located within 6 
inches from the intermediate support to avoid any possible fatigue failure  
in the top steel flanges. Before welding the studs to the steel beams, the
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FIGURE 5.7 CLOSE-UP OF FORMWORK FOR BRIDGE MODEL I I
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welding equipment was tested and examined by welding several studs to the 
excess lengths of beams that were cut o f f .  The quality of the welds was 
verified by Nelson Stud Welding Ltd.'s  representative using standard 
inspection procedures. The number of the stud shear connectors was enough 
to ensure 100% interaction between the slab and the longitudinal steel 
beams.
In ofder to mount the rectangular base of the actuator at the middle 
of the span, four holes 1/2 inch (12.7 mm) in diameter were drilled  in the 
top flange of the longitudinal steel beams. Care was taken to locate the 
holes properly with the actuator base bolts. Since these holes were to be 
through the depth of the concrete deck, extreme care was taken to ensure 
that the holes were square (perpendicular) to the concrete surface so that 
no distortion would occur with the actuator mounted.
The required forms were prepared and then painted with three layers of 
grease material, Vitrea oil 150, for easy form release after  the concrete 
had hardened. Since i t  was realized that the dynamic and resonance fatigue 
loading would impose high tensile stresses in the slab, the area of the 
longitudinal steel reinforcement was made approximately three percent of 
the transverse cross-sectional area of the concrete deck, in order to 
maintain the in tegrity  of the slab; two layers of steel were provided. 
Furthermore, since the model would be subjected to torsional mode of 
vibration, i t  was decided to provide an area of transverse reinforcement 
equal to four percent of the longitudinal cross-section. The transverse 
reinforcement was also placed in double layers (55). The longitudinal and 
transverse reinforcements were supported on steel wire chairs which 
provided a clear cover of 0.25 inch (6.35 mm) from the bottom face of the
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FIGURE 5.9 TIE-DOWN SYSTEM FOR BRIDGE MODELS I AND I I
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slab deck. Air-entrained concrete mix of 4,000 psi (27.58 MPa) compressive 
strength was used; concrete placement began at one exterior support and 
progressed to the other exterior support. Compaction was accomplished by 
using a high frequency needle vibrator. In addition, tamping rods were 
used to tamp the sides; to avoid honeycombing, the sides of the forms were 
l ig h tly  hammered. The final finish and smooth surface were obtained by 
hand troweling. Twenty-four hours la te r  the forms were removed. To 
determine the compressive strength of the concrete, seven 3x6 inch (76.2 x 
15.24 mm) cylinders were cast at the time of placing the concrete slab.
Both the slab and the seven test cylinders were moist-cured for seven days 
with the exposed surface covered with wet burlap and a polyurethylene 
sheet. Then the model deck and the test cylinders were allowed to cure 
under dry conditions for at least seven days. In order to avoid any u p lif t  
at the supports, the model was tied down to the transverse supporting beams 
through steel cables, the transverse supported beams were clamped to the 
supporting steel bases which were bolted to the ground floor. This is 
shown in Figure 5.9. I t  should be noted that the end supports provided 
translation and rotation freedom while the intermediate support provided 
translational constraint.
5.4.2 Design Procedure and Construction of Bridge Model I I
The dimensions of bridge model I I  and layout of the prestressed and 
nonprestressed concrete portions are shown in Figure 5.10. I t  should be 
noted that bridge models I and I I  are exactly identical except bridge model 
I I  had a prestressed concrete deck around the intermediate support. 
Furthermore, the number of connectors in bridge model I I  was 50% less than
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FIGURE 5.12 PRESTRESSED CONCRETE PORTION OF BRIDGE MODEL I I  AFTER GROUTING
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that provided in bridge model I ,  following the OHBDC recommendations (53). 
The same procedures were followed as in bridge model I to connect the main 
beams with the diaphragms, and the connectors to the top flange of the main 
beams.
Rubber hoses having an inner diameter of 0.25 inch (6.4 mm) and 0.375 
inch (9.5 mm) outside diameter were used as conduits for the prestressing 
wires and grout, as shown in Figure 5.11. Five prestressing wires were 
used for prestressing the slab in the negative moment region. The five  
rubber hoses were placed at the mid-depth of the slab, transverse top and 
bottom reinforcement in the slab were also used. Eight hours after  
placing of the air-entrained concrete of 6,000 psi compressive strength, 
five cores were created by withdrawing the rubber hoses without much effort  
because of the lateral shrinkage of the rubber under the pull force. In 
order to maintain the rubber hoses straight during concreting, they were 
stiffened internally  by inserting steel bars in the hoses. Steel chairs 
were used at 12.0 inch (304.8 mm) intervals to maintain the rubber hoses in 
position during concreting. After seven days of water curing, the slab was 
allowed to dry for 7 days. The prestress force, applied to the slab after  
i t  gained the desired strength (Figure 5 .12), was applied in two stages to 
minimize the prestressing losses due to jacking and elastic shortening.
The length of the prestress wires was about 20 feet (6.1 m), which provided 
suffic ient embedment length in the non-prestressed portions of the slab.
In order to place the prestress jack in the right position for 
prestressing the slab, eight studs on each steel beam on one side of the 
slab were sawed o ff to 1/4 of their height. Then six longitudinal steel
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rods, each 2 feet (609 mm) long, were welded to the top of the remaining 
portions of the studs after the slab was successfuly prestressed to 
complensate for the removed portions.
Cement grout was injected through a prepared hole on the top of each 
conduit; the injection was applied at one end of the slab until i t  was 
forced out of the other end. To ensure good bond, grouting under pressure 
was made using a strong spring-loaded oil gun. After the grout was 
discharged from the far end, that end was plugged and the pressure was 
applied once again at the injecting end. This procedure ensures that the 
grout was compacted.
A formwork was prepared to cast the right and le f t  parts of the non­
prestressed concrete slab; the reinforcement arranganent was similar to 
that in bridge model I .  In order to bond fresh concrete to hardened 
concrete, the prestressed concrete side surfaces were f i r s t  cleaned by 
using sand blasting, and then by using a brush three layers of Sikadur Hi- 
Mod were applied to each side surface of the prestressed concrete. The 
procedures for casting and curing the reinforced concrete slab portion were 
the same as described e a r lie r .
5.5 VIBRATION EXCITATION SYSTEM
An important decision that needed to be made in planning the dynamic 
and fatigue testing program was the type of excitation that was to be used, 
to produce measurable motions within a reasonable frequency range. To 
perform such dynamic and fatigue tests on the two bridge models, i t  was 
decided to use the excitation supplied by the Gilmore closed-loop electro- 
hydraulic system with modifications. The excitors were constructed by
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turning the actuators upside-down and attaching weights (steel blocks) to 
the top of the pistons. This modified (Gilmore) rebuilt structural system 
in conjunction with the electronic console unit provided complete control 
of the stroke and the frequency range required and imposed by the nature of 
the dynamic and fatigue tests. The same arrangement was used successfully 
elsewhere using an MTS product (55).
5.5.1 Attached Moving Weight
A total of 600 lbs. (2.66 KN), weight made of six 12x12x2 inch (305 x 
305 x 5.1 mm) steel plates of 100 lbs. (444.8 N) each was used as a moving 
mass for all the fatigue and dynamic tests. The dynamic or fatigue forces 
were adjusted by adding or removing part of the moving mass, since the 
dynamically imposed force is a function of the mass and the acceleration of 
the actuator rod.
5.5.2 Modified Actuators
Gilmore 20-kip (88.9 KN) hydraulic actuators were used in testing both 
bridge models. The actuator was bolted down to the top flange of the 
middle steel beam at the mid-span of the model. The attachment was made by 
means of four 1/2 inch (12.7 mm) diameter high-strength bolts and one steel 
plate on the top of the concrete deck. Hydra-stone was used to level the 
steel plate. The bracing system was made of four adjustable length 
channels of 2x1.5x0.25 inches, and were welded to a square steel plate 
mounted on the top of the concrete deck and bolted to the top flange of the 
two exterior beams by means of four 1/2 inch (12.7 mm) high-strength bolts 
through the depth of the slab. Figure 5.14 shows the support arrangement
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and the attachment system for the 20-kip (88.9 KN) servo-controlled 
hydraulic actuators. The location of the excitor was chosen with extreme 
care to ensure that i t  would not be located on a mode line  and therefore 
will not be able to excite the associated mode. One actuator carrying 600 
lb . (2.6 KN) moving mass was used in testing bridge model I while two 
actuators, each carrying a 600 lb . (2.6 KN) moving mass, were used for 
testing bridge model I I .
5.5.3 Gilmore Hydraulic and Electronic Control System
Unfortunately, Gilmore Industries, Inc. was out of business and the 
author had to search all over Canada and the United States for the 
necessary parts that were required to repair and use the system 
e ff ic ie n t ly .  Several parts were replaced in the hydraulic section, such as 
tuning up the two actuators, flush and clean the oil pump, and reclamp 
properly all of the hydraulic lines. Furthermore, the amplifier had to be 
repl aced.
The Gilmore structural loading system consisted of three main 
sections, namely: 1) Two actuators, model 433-20, each one included a
position transducer, a velocity feedback transducer and a load ce ll;  2) The
hydraulic pump of 20 GPM, and 3) Control console unit, which included the 
servo-amplifiers, signal conditioners, rate programmer and the control push 
buttons.
The electronic console unit, a fter  being repaired, was functioning as 
a closed-loop (feedback) system. The servo-amplifier controlled the servo- 
valve of the actuator, the rate of flow of oil into the actuator, the
static  set point, gain and damping.
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Model 416 position signal conditioner controlled the mode of the 
actuator through the gain and phase adjustments and the LVDT output signal 
was fed to the servo-amplifier. Model 429 function generator was used to 
generate the required wave function. The available dynamic frequency range 
was between 1 and 34 cycles per second.
Three controlled parameters were used to control the exciting force 
such as the moving mass, the stroke of the hydraulic actuator and the 
excited frequency, including the option to use either 10%, 20%, 50% or 100% 
of the fu ll  capacity of the actuator. Figure 5.15 shows the connected 
actuator and the moving mass.
5.6 PRESTRESSING EQUIPMENT
Ten end bearing steel plates 2 x 1-3/4 inches (50.8 x 44.5 mm) of 1/2 
inch (12.7 mm) thick with holes of 0.3 inch (7.62 mm) diameter were used at 
both ends of the prestressed wires in bridge model I I  to distribute the 
prestressing force from the wires to the concrete slab, as shown in Figure 
5.16. A hydraulic jack of 20-kip (89 KN) capacity and mechanical gripping 
devices of the open grip type were used for post-tensioning. The 
prestressing equipment was manufactured by Cable Covers, Ltd ., England.
5.7 INSTRUMENTATION
5.7.1 Introduction
During the planning of the dynamic and fatigue tests, consideration 
was given to the purpose of the tests, the instrumentation, the analytical 
method to be used for data reduction and its  compatibility with the 
instrumentation and the final use of the information generated. I t  was
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
100
FIGURE 5.15 20-KIP HYDRAULIC ACTUATOR CARRYING 600 LB. "MOVING MASS".
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possible to obtain useful and meaningful data with the simplest set of 
instrumentation when appropriately deployed. The scope of the measurement 
program was clearly outlined from the beginning and the temptation to 
measure and record everything was eliminated. A programmable monitoring 
program such as the in it ia tio n  of the recording process based on a 
predetermined trigger level of a signal was used during the fatigue tests 
on bridge models I and I I .  Only few dynamic measuring points were needed 
to be monitored continuously, since these points could be related to the 
model properties. A dig ita l recording technique was used to permit 
simultaneous sampling of a large number of channels (64 channels were 
used). Extreme care was taken to shield the used cables and ground the 
components so as to avoid pickup of electrical noise.
Four different types of electronic transducers were utilized  during 
the dynamic and fatigue tests of two models. These sensors consisted of 
piezoelectric accelerometers, D.C. d ifferen tia l transformers, linear  
variable d ifferentia l transformers and dynamic-fatigue steel and concrete 
strain gages. Besides the electronic transducers, two Megadac 2000 data 
acquisition systems of 64 and 16 channels each were used in recording and 
transmitting the data to an IBM Personal Computer, and then to the main 
computer of the University of Windsor. Interfacing between the data 
acquisition system and the personal computer was made by means of an RS- 
232C electronic card. Necessary software for controlling and programming 
the data acquisition as well as transmitting the data was developed.
The following sections describe each type of the four transducers, the 
circuits connection that was used and the locations of the transducers
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throughout the dynamic and fatigue tests. Figure 5.17 shows the data 
acquisition system connected to all the sensors used on the two bridge 
model s.
5.7.2 Megadac 2000 Data Acquisition System
The Megadac data acquisition system embodies numerous options. Some 
of these options were useful during the dynamic tests and some were most 
useful during the fatigue tests and prestressing the slab. The system has 
a maximum sampling rate of 20,000 samples per second. However, only 160 to 
600 samples per second were required throughout the tests; i t  has a
capacity of 128 channels, but only 64 channels were used. Signal
conditioning and bridge completion modules including constant current and 
constant voltage energization were used to energize the strain gages, the 
LVDT's and the DC DT. A high and low alarm level was set on individual 
channels for real time monitoring during fatigue tests. Data was captured 
and stored on a 300-foot (91.5 m) long magnetic tape cartridge. The
capacity of the 300-foot (91.5 m) magnetic tape was about 32 mega bits (14
x 10  ^ samples). This allowed a continuous recording for about 30 minutes.
c
However, a 600-foot (183.0 m) magnetic tape of 67 mega bits (32 x 10 
samples) was used for longer time recording periods.
Furthermore, the front panel keyboard and display were most useful to 
allow the megadac to function as stand-alone device without the computer 
host. Four high speed analog to dig ita l input modules of 16 channels each 
(AD-1614D) with differentia l inputs and 15 input scaling ranges with a 
maximum system gain of 400:1 were used. Eight signal conditioning modules
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of 4 channels each (SCI-884/350) with a twin constant current source of 
3.50 mA per arm were used for connecting 32 strain gages. They have 
internal quarter bridge completion for 350 ohms gages, allowing connection 
of quarter, half and fu ll bridges. Another four signal conditioning module 
(SCV-884) of four channels each were used in connecting the linear variable 
differentia l transformer and the D.C. d ifferentia l transformer. These 
modules have a constant voltage output per channel, with excited voltage of 
4, 6, 8 or 12 volts. They were designed only for a fu ll bridge type 
transducer.
The 64K buffer memory in the Megadac mainframe allowed continual 
sampling with the parking of data in the memory awaiting transfer.
However, during the fatigue tests, i t  allowed storing and overwriting 
continuously until an alarm was sounded.
The Megadac was controlled by the host IBM Personal Computer via an 
RS-232-C interface by sending different commands to the system. However, 
in the absence of the host computer, i t  was controlled through the keys on 
the front panel.
In order to operate the Megadac, three tables were in it ia l iz e d  through 
its  software. These tables were Mode Table, Scan Table and Scan Entries 
Table. The Mode Table was used to establish the communication profile  with 
the host computer, while the Scan Table was used to specify and designate 
scanning and sampling parameters.
The scan entries contained the most important information pertaining 
to the mapping from hardware ports to positions in the recorded data f i le s .  
Through the scan entries the high strain and acceleration lim its were 
imposed and these were used for starting and stopping the recording
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process. A 19.2K Baud Rate was used while the R-232-C port was operating. 
High resolution of 12 bits was used during the recording. More details  
regarding recording and transmitting data from the data acquisition system 
to a floppy disk through the host computer and from the floppy disk to a 
hard disk on the University of Windsor computer main frame can be found in 
Appendix D.
Figure 5.18 shows a schematic c ircu it  diagram for connecting fu ll 
bridge current energization which was used for the prestressed load c e ll ,  
while Figure 5.19 shows the c ircu it of voltage energization that was used 
for a ll of the LVDTs and DCDTs. Furthermore, Figure 5.20 shows the quarter 
bridge 3-wire connection utilized  for a ll  of the concrete and steel 
dynamic-fatigue strain gages.
Four terminal boxes were designed and bu ilt  so that the c ircu it  
connections for accelerometers, LVDTs and strain gages would be easy, 
simple and straight-forward. The author had the opportunity to design 
these terminal boxes, with the guidance of Dr. G. R. Monforton, to be 
compatible with the Megadac data acquisition and any type of sensors.
These boxes comprised of: (1) an A/D box of 144-gold plated terminal
representing four A/D modules of 16 channels each; (2) an SCV box of 72- 
gold plated terminals which represent four SCV modules of 4 channels each, 
and (3) two boxes of SCI-I and SCI- 11 with 64 gold plated terminals each, 
representing the 8 SCI modules of 4 channels each. All of the wires of 
each box were gathered in one large diameter cable connected at its  end by 
a 37-pin connector "male type", which was compatible with the female type 
connection at the back of the data acquisition system. Furthermore, these 
boxes were connected together externally by means of 48-pin ribbon
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connector to achieve any c ircu it  connection for any type of application.
All connections and construction of the boxes were done with the help of 
the Electronic Design Centre at the University of Windsor.
5.7.3 Piezoelectric Accelerometers
Six piezoelectric "Dytran" Model 3100A 25g accelerometers were used 
throughout the dynamic and fatigue tests, as shown in Figure 5.22; one 50g 
accelerometer was used on the top of moving mass to sense the absolute 
acceleration of the actuator rod, as shown in Figure 5.21. The 
accelerometers were self-generating quartz crystals and a seismic mass to 
convert acceleration to an analogous, low impedance, electronic signal.
The acceleration acting upon the base of the accelerometer was transferred 
to the seismic mass through the crystals creating a force equal to the 
acceleration times the mass in accordance with Newton's Second Law of 
Motion; this released some of the preload force on the crystal generating a 
voltage proportional to the acceleration. Each accelerometer had an IC 
b u ilt - in  amplifier. The voltage output range was between +5 volts, while 
the sensitiv ity  was about 100 mv/g over a frequency range of 1 to 3500 Hz 
at 0.5 dB. To install these accelerometers properly on the surface of the 
concrete deck of the bridge models, 1.0 inch (25.4 mm) diameter plexi-glass 
mounting locks with a smooth clean surface were used so that the base of 
the accelerometers were in intimate contact with the plexi-glass mounting 
block surface. The mounting blocks were attached to the top of the 
concrete deck by means of 5 minute epoxy glue. Care was taken to develop 
sufficient flatness on the concrete surface at each accelerometer location 
by spotfacing and grinding. This was necessary to avoid straining the
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FIGURE 5.21 A/D, SCV, SCI-I AND SC I-II TERMINAL BOXES
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FIGURE 5.23 50g ACCELEROMETER ON THE TOP OF THE MOVING MASS
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
114
accelerometer's base. A d r i l l  #21 of 0.159-inch (4.0 mm) diameter and a 
tap of 10-32 UNF-2B were used to d r i l l  a 0.250-inch (6.35 mm) deep threaded 
hole for threading the mounting stud Model 6200 into the plexi-glass 
blocks. The stud was screwed into the accelerometer by hand until the stud 
was seated on the flange located at the center of the stud; this flange 
prevented the stud from bottoming inside the accelerometer where i t  could 
have stressed the base during mounting. Finally, all of the accelerometers 
were torqued to secure them to the block surfaces with approximately 20 to 
25 in lb.  (225.5 to 281.9 cm. N.) of torque. Co-axial cables Model 6010 
with a microdot and PNC connectors at each end were used between the 
accelerometers and the power supply.
5.7.4 Accelerometers Power Supply
Dytran Model 4121 rack mountable power unit of constant current source 
(2 to 20 mA "adjustable"), for voltage mode 2-wire accelerometer, was used. 
The unit contained a regulated DC power supply and 12 channels of 
adjustable constant current c i rcu i t .  The front panel has 12 BNC output 
jacks which were used to transfer the accelerometer output analog signals 
to the A/D modules of the data acquisition system, while the rear panel 
contained 12 sets of "input" BNC connectors for energizing the 
accelerometers. The unit can provide an exitation voltage up to +24 V DC. 
An available rotary selector switch on the front panel allowed continuous 
monitoring of the bias voltage of each accelerometer.
5.7.5 DC Differential  Transformer
One DC dif ferent ia l  transformer located at the end of each model was
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used to measure the d i f ferent ia l  movement between the concrete deck and the 
longitudinal steel beams. The DCDT was mounted on the web of the steel 
beam while the core measured the movement of the concrete deck. The DCDT 
has a l inear range of +1.0 inch (25.4 mm) and sensit iv ity  of 0.33 mv/0.001 
inch (0.33 mv/0.025 mm) The DCDT was a spring-loaded type of D-500 series 
made by Schaevitz em Limited.
5.7.6 Linear Variable Differential  Transformer
Six LVDTs were used to measure the stat ic  and dynamic displacements of 
the bridge models. Three LVDTs were located across the middle of one span 
and the other three were on the middle of the other span. Each LVDT was 
mounted exactly on the top of each longitudinal steel beam. The LVDT had a 
capacity of +_ 1.0 inch (25.4 mm) displacement of D-500 series made by 
Schaevitz em Limited. I t  should be noted that the LVDTs were attached to 
non-movable brackets (reference location) and only the core was in contact 
with the top of the concrete deck.
5.7.7 Dynamic-Fatigue Strain Gages
5.7.7 .1  Strain Gages on the Prestressing and Reinforcing Wires
The longitudinal prestressing wires used in bridge model I I  were 
instrumented with strain gages, type WK-06-125BB 350. Two strain gages 
were mounted on the top and bottom of each prestressing wire. Using fine 
sil icon carbide paper and chlorothene, the surface of the prestressing wire 
was cleaned and prepared for mounting the strain gages. The gages were 
mounted using M-Bond AE10 adhesive with 200 catalyst as bonding agent 
according to the manufacturer's recommendation for proper attachment for
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dynamic-fatigue environmental conditions. These WK-Series gages were a 
family of fu l ly  encapsulated K-alloy strain gages, having integral high- 
endurance lead ribbons with a backing and encapsulated matrix consisting of
a high-temperature phenolic resin system reinforced with glass f iber .  The
8WK-Series have a maximum strain l im it  of +15% and fatigue l i f e  of 10 
cycles at _+2000viin./in. Furthermore, the lead wire system comprised of two 
f l a t  high-endurance leads to each tab permitting a 3-wire system to be 
carried directly to the gage. The gage factor was 2.04, while the gage 
length was 0.125 inch (3.2 mm). After soldering the lead wire, mechanical 
protection was provided for each strain gage against the grout by using an 
M-coat F; this consisted of "M-coat FT" self  adhering teflon f ilm," M-coat 
FB "Butyl rubber sealant," M-coat FN" Neoprene rubber sheet, "M-coat FA" 
aluminum foil  tape and an "M-coat BT" a i r  drying N i t r i le  rubber coating.
The same type of strain gages were mounted on the reinforcing bars of 
bridge model I to predict any fa ilure due to fatigue, as shown in Figure 
5.24.
5 .7 .7 .2  Strain Gages on the Longitudinal Steel Beams
Strain gages of type WK-06-250BG-350 were used to measure the strain 
on the top and the bottom flanges of the longitudinal beams and the 
transverse diaphragms. The locations of the strain gages are shown in 
Figures 5.24 and 5.25. The procedures, explained in 5.7.7.1 were followed 
for mounting these strain gages.
5.7.7.3 Strain Gages on the Stud Shear Connectors
An attempt was made to measure, qual i ta t ive ly ,  the load on individual 
studs and detect any fa i lure  during fatigue tests, Figure 5.13. This was 
done by attaching strain gages on the underside of the top flange of the
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steel beams in the immediate v ic in i ty  of the stud in two zones, namely:
(1) close to one of the end supports; and (2) at the intermediate support. 
Also, a strain gage was attached to the same stud in the vertical 
direction. This was done based on the work reported by Torpac (65). The 
expected force on individual studs created localized deformation in the top 
flange which reflected on the strain gage reading. Continuous monitoring 
of such strains was carried out to detect any failure in the studs, and 
thus establish their  fatigue l i f e .  The same type of strain gages, 
described in 5.7.7.2 were used as shown in Figure 5.25.
5 .7.7.4 Strain Gages on the Concrete
To measure the strain in the longitudinal and transverse directions on 
the top and the bottom surface of the concrete slab, the 2.0 inches (50.8 
mm) long of WK-06-20CBW-350 strain gages were used. Surface cavities were 
f i l l e d  by applying an epoxy of high strength (RTC), which was mixed by one 
volume activator B, and the same volume of resin A. Same procedures were 
followed for mounting the strain ages. Figure 5.26 shows the locations of 
the concrete strain gages.
5.8 EXPERIMENTAL SET-UP AND TEST PROCEDURE
Figures 5.27 and 5.28 show the experiment set-ups for both bridge 
models I and I I ,  respectively. I t  should be noted that the reason for 
using two actuators in bridge model I I  was to impose a high negative moment 
on the prestressed concrete portion during the fatigue test.  This was not 
necessary in bridge model I and one actuator was sufficient to create the 
cracking negative moment at the intermediate support. The test procedure 
comprised of s tat ic ,  dynamic, fatigue and ultimate load tests on bridge
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FIGURE 5.28 DYNAMIC AND FATIGUE TEST SET-UP FOR BRIDGE MODEL I I
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model I ,  while bridge model I I  was subjected to the same tests excluding 
the static test .
5.8.1 Static Test
The actuator mounted on bridge model I was used to apply a static load 
on the center longitudinal beam at the middle of one span. This single 
concentrated load test was important to confirm the finding from earl ier  
research (21, 36, 37). This was done by loading the model in the elastic  
range and measuring the deflection and strain in the longitudinal and 
transverse directions of the steel beams, diaphragms and concrete deck.
5.8.2 Dynamic Test
Three modes of vibration and i ts  associated natural frequencies were
of interest.  These modes of vibration of were: the f i r s t  bending mode,
the f i r s t  torsional mode, and the second bending mode. In order to excite
these modes and to obtain the dynamic characteristics as well as the 
models' vibration signature, the following set of dynamic tests were 
performed twice on each model, once at the beginning and then at the end of 
the fatigue test:
1. Sweep-sine wave test .
2. Normal modes test .
3. Log-decrement test (transient test)
The sweep-sine wave test was performed by continuously and slowly 
varying the actuator excited frequency over a frequency range of 8 to 40 
cycles/second. The moving mass and the actuator stroke were kept as 
constant as possible. The data acquisition system was continuously
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recording and transmitting the recorded data to the IBM PC computer via an 
RS-232-C. The computer was continuously chart recording the output signal 
from the data acquisition system. This gave a complete picture of the 
model behavior and understanding of the models' vibration signature over 
this frequency range. I t  was expected that the f i r s t  three natural 
frequencies were in this frequency range.
After having the sweep tests results on a hard disk in the computer 
center, a Fast Fourier transform program was used to obtain the spectrum 
response charts from the acceleration time history charts for each 
accelerometer. This spectrum chart identif ied the natural frequencies of 
each bridge model.
Knowing the f i r s t  three natural frequencies of each model led to the 
next dynamic test which was the normal modes test.  This test was performed 
by exciting each bridge model at each of the three natural frequencies 
creating three resonance modes of vibration. The steady state responses of 
the two models during the f i r s t  three modes of vibration were measured at 
18 stations to establish the configuration shape of each mode for the two 
bridge models. This was done directly by feeding the measured data into an 
available subroutine ZETAPLOT.
Finally, the third test of log-decrement test was performed by 
exciting each bridge model at their  f i r s t  natural frequency, then the 
hydraulic power was turned off to set the model to undergo a decaying free 
vibration. The transient response of the decaying free vibration time 
history was plotted by using the computer. As a result, the associated 
geometric and material damping was ascertained by using the logarithmic 
decrement method.
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5.8.3 Fatigue Test
A resonance fatigue test was carried out at the f i r s t  bending natural 
frequency of the two bridge models to observe any fatigue fa ilures. The 
dynamic strains on the steel beams, shear connectors, longitudinal 
prestressing wires, reinforcing bars and concrete deck were monitored and 
recorded periodically throughout the loading. The bridge model dynamic 
characteristics were used as'inspection tools beside visual inspection to 
detect any fatigue fa i lu re .
5.8.4 Ultimate Load Test
Prior to the in i t ia t io n  of the ultimate load test ,  bridge model I was 
repaired after  the fatigue fa i lure  of i ts  longitudinal beams. Figure 6.56, 
Chapter 6, shows bridge model I a f ter  being repaired from fatigue fa i lu re .  
However, bridge model I I  was not repaired from the fatigue damage and was 
tested under ultimate load d irect ly  a f ter  the conclusion of the fatigue 
test .  This fa c i l i ta ted  a comparison between the repaired and unrepaired 
models under ultimate loads. Two hydraulic jacks, one in each span, were 
used in testing bridge model I I  under ultimate load while only one 
hydraulic jack located in the middle of one span was used in bridge model 
I .  Two universal stat ic  f l a t  load c e l ls ,  having a capacity of 50 kips 
(222.4 KN) and 150 kips (667.0 KN) were used. The load was slowly and 
continuously increased until plastic hinges were developed at the mid-span 
and at the intermediate support. Figure 5.30 shows the ultimate load test 
set-up for bridge model I I .
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5.9 PUSH-OUT TESTS OF STUD SHEAR CONNECTORS
The purpose behind the tests of push-out specimens was to study the 
type of failure in the stud shear connector under static or fatigue 
loading. Furthermore, to estimate the stat ic  load capacity of each 
connector. Six push-out specimens, four under static load and two under 
fatigue loading were tested; a l l  specimens were identical.  The same stud 
shear connectors, concrete mix and the longitudinal steel beams used in 
constructing the two models were also used in the push-out specimens.
Nelson stud welding equipment was used to attach the stud connectors. This 
was important to simulate the same conditions as found in the bridge 
model s.
A push-out specimen consisted of a short steel beam 30 inches (762 mm) 
long of S 5 x 14.75 and two concrete slabs 2 inches (50.8 mm) thick, one
attached to each flange of the beam by means of two studs. The slab was
reinforced by using the same reinforcing bars used in the bridge models. 
Figure 5.29 shows the forms and the reinforcement arrangement for the push- 
out specimens. As shown in this f igure, two studs were welded to each 
flange of the beam and embedded in a 24x12x2.0 inch (610 x 305 x 50.8 mm) 
concrete slab. Strain gages were attached along each connector and on the 
bottom face of the flanges underneath the stud i t s e l f .  Mechanical 
protection was provided to all  the strain gages as explained before in 
5 .7 .7 .1 .  All the slabs were cast simultaneously in the vertical direction;  
then the specimens were placed in a moist condition for seven days for
curing. Figure 5.30 shows the push-out test set-up for static loading
while Figure 5.31 shows the set-up for fatigue test using a Gilmore 100-kip 
hydraulic actuator. During the stat ic  te s t ,  the slip between the beam and
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FIGURE 5.30 SET-UP FOR STATIC PUSH-OUT TESTS
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the slabs was measured at four locations by means of four 0.001-inch (0.025 
mm) dial gages. The dial gages were mounted r ig id ly  to the beam's web with 
the stem bearing against brackets glued to the inner faces of the slabs. 
During the static tests the load was applied in increments of 2.0 kips 
(8.88 KN) each until fa i lu re .  The slip and strain on the connector and on 
the flange were recorded continuously. The duration of each test varied 
from 1 to 2 hours. However, during the fatigue test the load range was 
kept constant at 2 kips (8.88 KN) and the rate of loading was 4 cycles per 
second. The load was applied to the top of the beam and transferred from 
the beam to the slabs through the four shear connectors on each beam. I t  
should be noted that the load, at the beginning of the test ,  was 
transmitted to the slabs not only by the shear connectors, but also in part 
by kinetic f r ic t ion  and bond. Care was taken to apply only a concentric 
load, with respect to the beam so that each connector would carry an equal 
part of the load. Unfortunately, al l  the fatigue push-out tests were 
conducted before acquiring the data acquisition system. However, a static  
electronic strain indicator of 80 channels capacity and a one-sample per 
second scan rate was used for recording the strain during the static  and 
fatigue tests. Results will  be discussed in Chapter VI.
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FIGURE 5.31 SET-UP FOR FATIGUE PUSH-OUT TESTS




The results of the dynamic tests obtained from the two bridge models 
are discussed in th is  chapter to evaluate and demonstrate the accuracy of 
the analytical method developed e a r l ie r  in Chapter I I I .  The mathematical 
treatment of the free vibration problem of the skew orthotropic plate is  
substantiated by the experimental results obtained by El-Sebakhy, et a l . 
(19) on a skew prestressed waff le slab. In addition to the experimental 
results ,  the most recent version of STRUDL-DYNAL computer program (59),  
developed by McDonnell Douglas Automation Company, as well as SAP IV f in i t e  
element computer program (5 ) ,  were used as other sources for comparison. 
Furthermore, a parametric study on the e f fec t  of d i f fe ren t  skew angles, 
aspect ratios and r ig id i t i e s  on the dynamic behavior of skew orthotropic 
plates is undertaken and discussed. A comparison study is presented 
between the skew waff le  slab and the skew solid slab having the same volume 
of concrete ( i . e . ,  the same mass) and the same planeform geometry.
The analogy in the dynamic characterist ics between a two-span 
continuous composite bridge and a single-span orthotropic plate ,  with 
d if fe re n t  boundary conditions, is presented. Also, the dynamic response of 
an orthotropic plate having fixed-simply supported and free - free  boundary 
conditions is presented; the influences of aspect ra t io  and r ig id i ty  rat io  
(Dx/Dy) on the natural frequencies are examined and compared to those 
obtained from beam theory.
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Confirmation of e a r l ie r  research on the structural response of 
composite bridges under stat ic  loads (21,37) is discussed using the results 
obtained from the stat ic  tests on bridge model I .
The structural responses of some components of the two bridge models 
such as shear connectors, longitudinal steel reinforcing and prestressing 
wires at the intermediate support, longitudinal beams and transverse 
diaphragms under resonance-fatigue tests are examined. Effect of the 
fatigued-elements of the bridge models on the dynamic characteristics as 
well as on the ultimate load carrying capacity is discussed.
6.2 FINITE ELEMENT METHOD
The f in i te  element method is a generally acceptable method for 
deducing the natural frequencies and the associated mode shapes of 
structure, using numerical solution. Consequently, the available f in i te  
element computer programs, such as SAP IV and STRUDL, are used to verify  
the mathematical solutions of the free vibration of continuous composite 
bridges and skew orthotropic plates. The basis of the f in i t e  element 
method is the replacement of the continuum of the bridge by a substitute 
model consisting of a number of discrete elements, such as a quadrilateral  
plate and three-dimension beam elements, representing the top slab and the 
steel beams of the composite bridge or the concrete ribs of a skew waffle 
slab. These elements are connected together at discrete nodal points where 
continuity is expressed and can be generated automatically.
6.2.1 Structural Analysis Computer Program; SAP IV
One of the f in i t e  element computer programs adopted in this chapter is
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the Structural Analysis Program, Version IV SAP(IV), (5) developed at the 
University of C a l i fo rn ia ,  Berkeley. In order to model bridge models I and 
I I ,  two approaches were used. In the f i r s t  approach, the model was made of  
isotropic plate elements representing the cement deck slab, resting on
directions, modeling the longitudinal steel beams and the transverse 
diaphragms, as shown in Figure 6 .1 .  In this model, the number of 
quadrilateral plate elements was 288, while the number of beam elements was 
164.
This number of elements was necessary to achieve accurate results.
The aspect ra t io  of the quadrilateral plate element was equal to one as 
recommended by the user's manual. Figures 6.2 and 6.3 show the associated 
number of the degrees of freedom and the local axes orientation with 
respect to the global axes of the quadri1ateral plate element and the three 
dimensional beam element. This approach of modeling the composite bridge 
w il l  be denoted as composite action in the comparison of results .
In the second approach, the model was made of an equivalent 
quadrilateral orthotropic plate element ref lect ing  the properties of the 
equivalent orthotropic plate of the continuous composite bridge. Using the 
following relat ions:
three-dimensional beam elements in the longitudinal and transverse
(6 . 1 )
(6 . 2 )
( 6 . 3 )
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( 6 . 4 )
(6.5)
and knowing the values of D , D , D . , D9 and D the values E , E , averagex y i  c xy x y
of E and E, and G can be calculated and used for formulating the material
matrix, (5).  This approach of modeling the composite bridge w il l  be
denoted as an orthotropic p la te .
To use SAP IV in modelling the skew waffle slab, additional boundary
elements, besides the quadrilateral plate elements, were required at the
two simply supported ends (7 ) .  This was important to correctly model the
boundary conditions since i t  was not possible to align the principal
flexural r ig id i t ie s  D and D , and the supported edges with the same globalx  y
axes system. A typical section of the waffle skew slab is given in Figure 
6.4.  The input data requirements for modeling the continuous composite 
bridge and the skew waffle slab are given in the user's manual (5) and are 
discussed here.
6.2.2 Structural Design Language Computer Program; STRUDL-DYNAL
The original version of the STRUDL was conceived, developed, and 
i n i t i a l l y  released by the Massachusetts Ins t i tu te  of Technology (MIT). 
McDonnell Douglas Automation Company (MCAUTO) provides a much enhanced 
system of STRUDL compared with the basic system from MIT. In part icu lar ,  a 
major enhancement has been the implementation of a re l iab le  dynamics 
analysis capabil i ty .  This capabil ity  resulted from the merger of the
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proprietary STRUDL and MCAUTO Dynamic Analysis System, DYNAL. The dynamics 
portion of STRUDL is called STRUDL-DYNAL, which is used in this chapter to 
model the skew waffle slab. This program is a series of subprograms for 
solving dif ferent  dynamic problems in structural engineering. The commands 
are interpreted by the Integrated Civil  Engineering System (ICES), which 
automatically provides everything necessary to solve the dynamic problem. 
These commands are made up of engineering words. However, detai ls  of the 
content of STRUDL-DYNAL computer program and its  use w il l  not be discussed 
here, but can be found elsewhere (59).
This program was used to analyze skew and rectangular waffle slabs and 
to calculate the natural frequencies and the associated mode shapes. 
Furthermore, the program was u t i l ized  to conduct a parametric study on the 
waffle slab by varying the skew angle and aspect ra t io .  Typical bottom 
plan layout of the rectangular and skew waffle slabs that were used in this 
analysis are shown in Figures 6.5 and 6 .6 ,  respectively. An equivalent 
orthotropic plate bending (PBR) element of an aspect rat io equal to one was 
used to model both the rectangular and skew waffle slabs; the program 
automatically generates a l l  the required nodes as well as the required 
elements, as shown in Figures 6.7 and 6.8 .  For the rectangular slab, the 
model is made from 288 elements and 325 nodes, while the skew model is made 
from 155 elements and 195 nodes for small skew angle. However, a larger 
numbers of elements were used to deal with large skew angles to ensure high 
accuracy.
6.3 CONFIRMATION OF EARLIER RESEARCH
Bridge model I was tested f i r s t  under static load to confirm ear l ie r
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results obtained by Grace and Kennedy (22, 37).  This e a r l ie r  research 
concluded that the presence of the steel beam diaphragms, when r ig id ly  
connected to the longitudinal girders, enhanced s ign if icant ly  the 
transverse load d is tr ibut ion  as well as the effectiveness of the 
orthotropic theory in predicting the e las t ic  response of a continuous 
composite bridge.
The la tera l  d is tr ibut ion  of the deflection of the three longitudinal 
steel beams of bridge model I due to a concentrated load on the middle beam
at mid-span is given in Table 6 .1 .  The la tera l  d istr ibut ion of the
deflection is presented by expressing the deflection of the individual 
beams as a percentage of the total deflection of a l l  three beams at the 
cross-section under consideration. This was to f a c i l i t a t e  a direct  
comparison of the experimental deflection behavior of bridge model I with 
that predicted by the other theoretical methods. Furthermore, the 
distr ibut ion  of the longitudinal and the transverse bending moments 
experienced by bridge model I are also compared with the predicted
theoretical values at the mid-span section in Tables 6.2 and 6.3 ,
respectively. I t  should be noted that the d istr ibut ion of the longitudinal 
bending moment was taken to be the same as the d istr ibut ion of the strains 
measured at the center of the bottom face of the steel beams at the mid­
span section, while the d is tr ibut ion  of the transverse bending moment was 
taken to be the same as the d is tr ibut ion  of strains measured in the 
transverse direction at the bottom face of the concrete slab at each beam 
at the same section. The d is tr ibut ion  of the longitudinal bending moment 
at the intermediate support is shown in Table 6 .4 .  The strain distr ibution
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TABLE 6 . 1
DEFLECTION DISTRIBUTION AT MID-SPAN USING DIFFERENT METHODS










(PLATE & BEAM 
ELEMENTS)
Gi rder A(* ) 33.1 33.0 33.1 33.2
Gi rder B 33.9 33.9 33.7 33.6
Gi rder C 33.1 33.0 33.1 33.2
TABLE 6.2
LONGITUDINAL BENDING MOMENT DISTRIBUTION AT MID-SPAN
USING DIFFERENT METHODS










(PLATE & BEAM 
ELEMENTS)
Girder A(* ) 32.9 30.3 31.1 31.5
Gi rder B 36.1 38.9 37.7 36.9
Gi rder C 31.0 30.3 31.1 31.5
(* )  A and C are exter ior beams and B is an in te r io r  beam.
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TABLE 6 . 3
TRANSVERSE BENDING MOMENT DISTRIBUTION AT THE MID-SPAN SECTION
USING DIFFERENT METHODS










(PLATE & BEAM 
ELEMENTS)
Girder A(*) 7.0 9.1 9.5 6.9
Gi rder B 86.0 81.9 81.0 86.1
Girder C 7.0 9.1 9.5 6.9
TABLE 6.4
LONGITUDINAL BENDING MOMENT DISTRIBUTION AT THE INTERMEDIATE SUPPORT 
USING DIFFERENT METHODS










(PLATE & BEAM 
ELEMENTS)
Girder A(*) 34.1 33.3 33.1 33.7
Girder B 35.7 33.4 33.8 34.6
Girder C 30.2 33.3 33.1 32.7
( * )  A and C are exter ior  beams and B is an in te r io r  beam.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
147
in the composite section at the mid-span and at the intermediate support in 
the longitudinal direction is shown in Figure 6 .9 .
The theoretical values for the d is tr ibut ion  of the la te ra l  def lection,  
longitudinal moments at the mid-span and at the intermediate support 
sections, and the transverse bending moment at the mid-span were calculated 
using two methods: the orthotropic plate theory, in which a Fourier series 
deflection function was u t i l ized  as discussed elsewhere (21, 26, 37),  and 
the f in i t e  element computer program SAP IV.
The pertinent r ig id i t i e s  of the equivalent orthotropic plate,  
calculated according to reference (21) ,  were used in predicting the 
theoretical values given in Tables 6.1 to 6 .4 .  Close agreement is observed 
not only between the experimental results and the orthotropic plate theory 
results ,  but also with the results from the f in i t e  element method in which 
two d i f ferent  models were used to model the composite bridge. I t  should be 
noted that modeling bridge model I by e i ther  the orthotropic plate element 
or the composite action, resulted in good correspondence with the 
experimental results; th is  shows that the suggested formulae for  
calculating the orthotropic plate r ig id i t ie s  are re l ia b le .  These formulae 
considered the effectiveness of the diaphragms in the transverse direction,  
while the OHBDC (53) usually neglected the e ffect  of diaphragms in the 
design of bridges.
In order to calculate the contribution of the diaphragms to the slab 
in carrying the transverse bending moment, the transverse strain on the top 
and on the bottom flanges of the diaphragm and on the slab at the middle of 
the diaphragms were plotted, as shown in Figure 6.10. Strain on the bottom 
flange of the diaphragm is about four times the strain on the top flange,

































Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
149








Section I - I
Figure 6.10 Strain Distribution on the Diaphragm &. 
Slab in Transverse Direction
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which explains that the neutral axis was forced to move towards the slab 
and is not at the middle of the diaphragm cross-section. Moreover, the 
strain on the top of the concrete slab is about twice the strain on the 
bottom of the slab, which again means that the neutral axis of the slab has 
been pushed towards the diaphragm. This observation proves that the slab 
and diaphragms are acting together to some significant degree, which is 
estimated to be approximately 70% in the present case. I t  is therefore 
expected as mentioned elsewhere (37) that a more economical design wil l  
result using the load distr ibution method, suggested by the OHBDC, when the 
pertinent r ig id i t ie s  are calculated as recommended in Reference (21).
6*4 ANALYSIS OF DYNAMIC TEST RESULTS
6.4.1 Sweep-Sine Wave Tests
The objective of conducting the sweep-sine wave tests on the two 
bridge models was to obtain the vibration signature of the acceleration 
time histories at d i f ferent  locations on each model. The forcing function 
that was used for the sweep test was sinusoidal as shown in Figure 6.11. 
Before analyzing the results,  the adequacy and quality of data were 
ver i f ied  by visual examination on a s tr ip  chart obtained from a computer- 
plotted trace; th is  was necessary to avoid any introduced distortions into 
the computed results caused by signal cl ipping, "blips" or record gaps. A 
typical acceleration time history at the mid-span of bridge model I close 
to the resonance frequency is shown in Figure 6.12. The extraction of 
useful information invariably requires the computation of Fourier 
Transform. Therefore, in order to express the acceleration response in a 
frequency domain instead of time domain, Fourier Transform technique was
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6.12 Acceleration Time History at Mid —Span 




used. The continuous time signal, shown in Figure 6.12, was transformed 
into frequency domain by using the following relation:
where
X(u)) = Fourier transform function 
X(t)  = Time domain function 
to = Circular frequency 
t  = Time
The Fourier  transform can be expressed as a complex function in the
form
a (to) = real part of Fourier transform 
b(to) = imaginary part of Fourier transform
A computer program was developed, with the help of the Electrical  
Engineering Department, to apply Equation 6.6 and produce the fast Fourier 
transform program (FFT). The output of the FFT was plotted by using Zetta 
plot subroutines available at the University of Windsor computer l ib rary .
A l i s t  of the FFT and Zetta plot subroutine are given in Appendix C. A 
sweep test result as acceleration output of bridge model I of the middle 
beam is shown in Figure 6.12; using th is  acceleration output as an input to 
the FFT computer program gave the spectrum response of bridge model I in 
the frequency domain, as shown in Figure 6.13.
X W  = E X  ( t )  eia)t At (6 . 6 )
quantity
X ( oj) = a(w) + ib(w) (6.7)
where
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Figure 6.13 Fourier Transform of Acceleration Time History of Model I
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This Fourier transform of the acceleration in the frequency domain 
provided the f i r s t  four natural frequencies of bridge model I .  The f i r s t  
natural frequency was c learly  identif ied while the other three natural 
frequencies were not very well separated. The complex character of the 
acceleration response curve near resonance was, perhaps, a result of the 
transverse and the longitudinal cracks in the concrete deck, caused by the 
stat ic  test .  However, by using the time history response in the time 
domain, and noticing the phase angle, whether i t  is in phase or out of 
phase, between d i f fe ren t  locations in the longitudinal and transverse 
direction, the second, third and fourth natural frequencies were 
ident i f ied .  This Fourier transform technique was suitable for identifying  
and extracting the natural frequencies, from the time history response, as 
evidenced by the sweep test .
Bridge model I I  was tested using the same sweep forcing function 
applied slowly and continuously for the same range of frequencies. 
Acceleration time history of the middle beam and the corresponding Fourier 
transform are shown in Figures 6.14 and 6.15. The f i r s t  three natural 
frequencies were well separated, similar to that for a single degree of 
freedom structure, perhaps because there were no cracks at that time.
Also, the presence of the prestressed portion helped in maintaining 
constant r ig id i ty  along the entire deck. The acceleration response on the 
middle and exterior beams are shown in Figures 6.16 and 6.18 respectively. 
The corresponding Fourier transform are given in Figures 6.17 and 6.19, 
which were almost identical and yielded the same natural frequencies as the 
one given by Figure 6.15. I t  is observed from Figures 6.17 and 6.19 that
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the second natural frequency was not c learly  identif iable  as was the case 
in Figure 6.15.
6.4.2 Normal Modes Tests
The objective of this test was to obtain the mode shapes of bridge 
models I and I I  a f te r  determining the ir  natural frequencies. The steady 
state vibration at the f i r s t  three mode shapes were measured at 18 
locations along the entire deck of each model and plotted using the Zita 
subroutine. Fast Fourier transform was used to find the vibration levels 
in the frequency domain at the f i r s t  three mode shapes of bridge models I 
and I I .  The identi f icat ion of the associated mode shapes required the 
determination of phase between the signals from the 18 measuring locations. 
This was achieved by simple addition and subtraction of signals and 
observing how the amplitude of the Fourier transform peaks changed. 
Frequency components that were in phase resulted in increasing resonance 
peaks of added signal; out-of-phase signals resulted in decreasing 
resonance peaks. I t  should be noted that this method is applicable i f  the 
real part of the frequency components are either in-phase or out-of-phase 
since they constitute normal modes with only real components. I t  was 
noticed that the vibration levels, in terms of g's, of bridge model I I  were 
s l igh t ly  less than the vibration levels experienced by bridge model I .
This could be attr ibuted to the effect of prestressing a portion of the 
concrete deck around the intermediate support in bridge model I I ,  which 
helped in eliminating the transverse cracks in the v ic in i ty  of the 
intermediate support. The f i r s t  three mode shapes of bridge models I and 
I I  were plotted as shown in Figures 6.20, 6.21 and 6.22.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1*1 BRIDGE m o d e l  I
:inite Element (Composite Action] oj=18.3 c/s 
[Orthotropic Plate) w=18-2 




= 21.1 C /S . 
=21.0 C /S  
= 2 1 .5  C /S  
=22  C / S
m rr O/77/T
FIGURE 6.20 FIRST MODE SHAPE OF BRIDGE MODELS I & 1
( , BRIDGE MODEL I
Finite Element {Composite Action) u = 20 .3  c/s  
(Orthotropic Plate ) w=21.1 c/ s
Orthotropic Plate Theory co=24.0 c /s  
Experiment a) =21.0 c /s
BRIDGE MODEL H
I * )  ^  =34-3  c /s
v  = 3 2 9  c/s
=29- c / s 
£> = 2 8  c /s



















Orthotropic Plate Theory w = 28.5 c/s  
Experiment a> = 27 c /s .
/iTvivji' BRIDGE MODEL II 
1*1 "  = 37 -7  c- / s-
& = 3 2 -9  < 7 s-
= 3 3 -5  c /s .  
= 3 6  c /  s.
JTTj 'iT n
FIGURE 6 . 2 2  THIRD MODE SHAPE, BRIDGE MODELS I& H
166
The f i r s t  mode shape was anti-symmetric in the longitudinal direction  
about the intermediate support, and symmetrical about the longitudinal x- 
axis in the transverse direction.  This mode shape is simply a flexural 
mode, while the second mode shape is a torsional mode, which was anti-  
symmetrical about the intermediate support and the longitudinal x-axis.
The third mode shape was symmetrical about the intermediate support and the 
longitudinal axis, which means that i t  is a flexural vibration mode. The 
fourth mode shape up to the eight mode of vibration were plotted as shown 
in Figures 6.23 to 6.27, using the results obtained from the orthotropic 
plate theory and were ver i f ied  by results from the f in i t e  element computer 
program, SAP IV. The fourth, sixth and eight mode shapes are torsional 
modes, while the f i f t h  and the seventh modes are flexural modes. Usually, 
the f i r s t  three fundamental modes of vibration in any structure are of the 
most concern in any analysis. However, the reason for calculating the 
f i r s t  eight mode shapes of vibration of the continuous composite bridge 
wil l  be explained la te r  on in Section (6 .7 .3 ) .
6.4.3 Logarithmic Decay Response of Bridge Models I and I I
Damping can be determined by a number of methods. However, the 
logarithmic decay test is one of several types of dynamic tests,  which can 
be conducted as a means of determining the equivalent viscous damping 
ra t io .  The logarithmic decrement method is valid for a multi-degree-of-  
freedom system provided that the continuous composite bridge model system 
vibrates in a single mode. The logarithmic decrement method is f a i r ly  easy 
to apply by u t i l i z in g  the solution of the equation of motion for a single-
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degree of freedom system; the natural logarithm of the ratio  of an 
i n i t i a l l y  selected single peak to the nth successive single peak is given 
by
•  •
1 X1C = 2 ^ 1 n ( ^ - )  n = 1 , 2 , 3 ,4 , . . .  (6 .7)
Xn+1
where
C = Linear viscous damping ratio
X = Acceleration, in i t ia l  single peak
Xn+1 = Acceleration, single peak a fte r  n cycles
n = number of cycles
The acceleration response for transient vibration at the f i r s t  natural 
frequency of bridge model I is shown in Figure 6.28. This signal contains 
only one mode response from which the equivalent viscous damping ratio was 
calculated using the logarithmic decrement method. The damping ratio  was 
found to be 3.2%. This damping ratio  also represents the material fr ic t io n  
and coulomb fr ic t io n  present between the concrete deck, shear connectors, 
and steel girders, and at the supports. I t  should be noted that the 
calculated damping ratio  is based on the decay rate in the free vibration  
system only.
For bridge model I I ,  the damping ratio  at the same location was found 
to be about 2.4%, as shown in Figure 6.29. This means that the damping 
ratio  of bridge model I I  is about 35% less than the damping ratio  of bridge 
model I .  Two other locations on bridge model I I  were tested and the 
damping ratios were found to be 2.2% and 2.4%, as shown in Figures 6.30 and 
6.31. The variation in damping between bridge models I and I I  was expected
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because bridge model I had some transverse cracks at the intermediate 
support in contrast to the situation in bridge model I I .  Therefore, one 
can conclude that cracking of the concrete deck is an important parameter 
which influences damping in a composite bridge, i . e . ,  more cracks means 
higher damping.
Damping ratio in a continuous composite bridge may be less than three 
percent i f  the prestress forces are suffic ien t to prevent tension cracks 
from developing at the intermediate support. However, i f  transverse 
tension cracks are allowed to develop on a microscopic scale, damping ratio  
can be expected to be in the order of 3 percent. I f  larger transverse 
cracks are permitted to develop, one should expect much higher value of 
damping.
<5.5 COMPARISON BETWEEN THE NATURAL FREQUENCIES OF BRIDGE MODELS I AND I I
I t  should be noted that during the dynamic tests , bridge model I I  had 
two actuators mounted at the middle of each span, while bridge model I had 
just one actuator mounted at the middle of one span. Comparison between 
the effect of the weight of the two actuators mounted on bridge model I I ,  
and the effect of the weight of one actuator is given in Table 6 .5 , using 
the orthotropic plate theory and the f in i te  element computer program SAP 
IV. This comparison shows that the presence of the two actuators had 
reduced bridge model I I  natural frequencies by about 20%, compared to the 
case of a single actuator.
Comparison between the theoretical natural frequencies of bridge 
models I and I I  obtained by using the orthotropic plate theory, shows that 
i f  one actuator would have been used on bridge model I I ,  the enhancement












TABLE 6 . 5
EFFECT OF OWN WEIGHT OF THE ACTUATORS AND THE MOVING MASS 









, SAP (IV) 
PLATE AND BEAM ELEMENT
NUMBER (A) IB) (A) • (B) (A) (B) EXPERIMENT
1 26.6 21.5 26.1 21.0 26.1 21.9 22
2 35.3 29.0 40.8 32.9 40.9 34.3 28
3 41.6 33.5 40.8 32.9 42.3 37.8 36
4 50.9 41.2 52.5 42.3 53.8 47.7 —
(A) Considering the weight of one actuator
(B) Considering the weight of tv/o actuators
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the natural frequencies, due to the presence of the prestressed concrete 
Portion around the intermediate support, and the higher concrete strength 
used in Model I I ,  would have been in the order of 46%, as shown in Table 
6.6. However, the actual enhancement in the natural frequencies of bridge 
model I I  compared to the natural frequencies of bridge model I ,  considering 
the presence of the two actuators mounted on bridge model I I ,  is in the 
order of 18%, as shown in Table 6.6.
The obtained experimental natural frequencies from the dynamic tests 
of bridge models I and I I ,  compared to the theoretical values obtained from 
the f in i t e  element computer solution programs, are shown in Table 6.7. 
Furthermore, the theoretical results obtained from the orthotropic plate  
theory compared to those based on the beam theory are also shown.
Generally, the comparison between the results of the orthotropic plate  
theory and the f in i t e  element showed a discrepancy of approximately 2% in 
the f i r s t  natural frequency of bridge models I and I I .  The discrepancy is 
s lig h tly  higher for higher modes of vibration. The beam theory yields  
quite comparable results for flexural modes, but i t  fa i ls  to predict 
re lia b ly  the natural frequencies corresponding to the torsional modes of 
the orthotropic p late. I t  should be noted that the longitudinal and 
transverse cracks in the concrete deck, near the top of the intermediate 
support of bridge model I affected a l l  flexural and torsional frequencies.
From an engineering point of view, the experimental results are in 
good agreement with the theoretical ones. Furthermore, modeling bridge 
models I and I I  as composite action model or an an equivalent orthotropic  
Plate model yields f a i r ly  good results which gives confidence in the use 
° f  the formulae for the orthotropic r ig id i t ie s  for bridges (21).














ENHANCEMENT OF THE NATURAL FREQUENCIES DUE TO PRESTRESSED CONCRETE 




BRIDGE^  } 
MODEL 
I
BRIDGE^  } 
MODEL 
I I
(** )  BRIDGE' }
MODEL
I I
IMPROVEMENT^  * 
A
%
IMPROVEMENT^   ^
B
%
1 18.2 26.6 21.5 18 46
2 24.0 35.3 29.0 21 47
3 28.5 41.6 33.5 18 46
4 34.9 50.9 41.2 18 46
(*) Due to one actuator on model













TABLE 6 . 7
NATURAL FREQUENCIES OF BRIDGE MODELS I AND I I  USING DIFFERENT APPROACHES
NATURAL FREQUENCIES CYCLES/SEC.


























1 18.2 21.5 18.2 21.0 18.3 21.1 18 22 21.0
2 24.0 29.0 21.1 32.9 20.3 34.3 21 28 —
3 28.5 33.5 28.5 32.9 30.4 37.7 27 36 32.9
4 34.9 41.2 30.5 42.3 30.6 47.2 30 — —
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6.6 NATURAL FREQUENCIES AND MODE SHAPES OF RECTANGULAR AND SKEW WAFFLE 
SLABS
6.6.1  Natural Frequencies of Rectangular Waffle Slabs
Natural frequencies of a rectangular waffle slab were calculated using
the theoretical classical approach that was outlined in Chapter I I I .  The 
flexural and torsional r ig id it ie s  for the equivalent orthotropic plate were 
calculated according to the formulae recommended by Kennedy and El-Sebakhy 
(39,17) for an uncracked and the cracked waffle slab. The f i r s t  four 
natural frequencies were calculated along with the associated mode shapes; 
the results are summarized in Table 6 .8 . The calculated frequencies reveal 
that the f i r s t  and the third natural frequencies of the uncracked waffle 
slab are nearly double those of the cracked slab. This means that i f  the 
waffle slab is fu l ly  and e ffe c t iv e ly  prestressed in such a way that no
cracks are permitted to form, i ts  natural frequencies w ill  be nearly twice
as high as those of a cracked reinforced concrete waffle slab. This 
results shows that by increasing the stiffness of a waffle slab by means of 
prestressing and keeping the mass constant the slab's natural frequencies 
are enhanced, which helps in avoiding resonance under low frequency excited 
source of vibration.
In order to verify  this conclusion and confirm the derivation of the 
classical approach of the rectangular waffle slab, the calculated natural 
frequencies were compared with the experimental natural frequencies of the 
same rectangular waffle slab reported by El-Sebakhy, e t .  a l . (19), as shown 
in Table 6 .8 . Since the tested rectangular waffle slab had some cracks in 
the transverse direction along the mid-span, the f i r s t  three experimental 
natural frequencies compared well with the classical approach frequencies
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calculated on the basis of cracked r ig id i t ie s  of the equivalent orthotropic 
plate . The good agreement shown between the experimental and the 
theoretical natural frequencies gave verif ic a tio n  of the assumptions made 
in the derivation of the theoretical analysis, and also confirmed the 
adequacy of the loading system capability  in conducting the dynamic tests .
The f in i te  element computer program SAP IV was used as a second source 
to check the accuracy of the obtained frequencies using the equivalent 
quadrilateral orthotropic plate elements to model the rectangular waffle  
slab, shown in Figure 6 .7 .  The f in i t e  element natural frequencies for 
cracked and uncracked sections are tabulated also in Table 6 .8; they are in 
good agreement with both the experimental and theoretical results. I t  is 
of interest to mention that the CPU computer time used to execute the 
f in i te  element program was as much as ten times the CPU time for the 
developed orthotropic plate theory computer program. Furthermore, Table 
6 -8 gives the natural frequencies using the beam theory for cracked and 
uncracked cross-section. The f i r s t  and th ird  natural frequencies 
associated with the flexural modes match well with the experimental, 
classical theoretical and f in i te  element results . However, the beam theory 
fa iled  to predict the torsional mode natural frequencies of a wide 
rectangular slab.
The f i r s t  four mode shapes associated with the cracked natural 
frequencies, reported in Table 6 .8 , are shown in Figures 6 .32, to 6.35 
using the orthotropic plate theory. The f i r s t  and th ird  flexural modes of 
vibration are symmetrical in the transverse direction about the 
longitudinal x -axis , while the second and fourth torsional modes of 
vibration are anti-symmetrical in the transverse direction about the x-
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axis; the f i r s t  and the second modes are half sine-waves while the th ird  
and fourth modes are two-half sine-waves.
^•6.2 Natural Frequencies of 45° Skew Waffle Slab
The f i r s t  three natural frequencies of a 45° skew waffle slab were 
obtained by using the equivalent orthotropic plate theory concept explained 
in Chapter I I I .  Using the transcendental frequency equation for the 
symmetric modes of vibration, given in Chapter IV, yielded the f i r s t  and 
the third (f lexu ra l)  modes of vibration while the transcendental frequency 
equation of the anti-symmetrical mode yielded the second (torsional) mode 
of v ibration. Four harmonics were considered for the symmetric modes, 
while five  harmonics were considered for the anti-symmetric modes. This 
number of harmonics was necessary to obtain the most accurate natural 
frequencies. I t  should be emphasized that the theoretical analysis given 
"in Chapter I I I  can predict up to the th ird  mode natural frequency; from an 
engineering point of view, the f i r s t  three natural frequencies are the most 
important in structural analysis. However, i f  higher modes of vibration 
are desired, the mathematical derivation for the skew orthotropic plate 
theory can be readily adjusted to accommodate higher modes of v ibration.
The obtained theoretical natural frequencies are in good comparison 
with the experimental results, shown in Table 6 .9; the experimental results 
were obtained by testing a 45° skew prestressed waffle slab (19). The 
details of the experimental model and test set-up procedures w ill  not be 
discussed here and can be found elsewhere (19); this experimental work was 
conducted by El-Sebakhy et a l . and directed towards the enhancement of the



































24.4(a) 23.3 24.8 23.5
2 — 25.3(b) 24.9 26.1 25
3 57.3(*)  
114.5 (**)
53.8(a) 52.7 41.7 —
(*) Based on the exact span length
(** )  Based on the span length perpendicular to the end supports
(a) # of harmonics = 4
(b) # of harmonics = 5
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vibration levels of skew waffle slabs prestressed longitudinally  and 
transversely.
The f in i te  element computer programs, STRUDL and SAP IV, were used as 
a second source to substantiate the theoretical natural frequencies derived 
from the classical orthotropic plate theory. These results, given in Table 
6 *9> are in f a i r  agreement with both the experimental and the theoretical 
results. Furthermore, the beam theory was u t i l ize d  to calculate the 
flexural mode natural frequencies by considering the span of the beam 
either equal to the exact free span of the slab or equal to the 
Perpendicular length between the two support ends. The results reveal that 
beam theory is not only incapable of predicting the torsional mode natural 
frequency, but also y ie ld  unrealis tic  flexural mode natural frequencies fo r  
the skew orthotropic plate as shown in Table 6 .9 .
The f i r s t  and the th ird  ( f le x u ra l)  modes of vibration of the 45° skew 
waffle slab are quadrant symmetric about the center of the polar 
coordinates, as shown in Figures 6.36 and 6.38, while the second and the 
fourth (torsional) modes of vibration are quadrant anti-symmetric as shown 
in Figures 6.37 and 6 .39. These mode shapes were plotted using STRUDL- 
DYNAL computer c a p a b il it ie s . The experimental f i r s t  and second vibration 
mode shapes, obtained from (19), confirm the STRUDL's mode shapes.
Comparison between the theoretical natural frequency of the uncracked 
rectangular waffle slab, Table 6 .8 , and of the skew waffle slab, Table 6 .9 ,  
deduced by using the classical orthotropic plate theory, Chapter I I I ,  
reveals that the f i r s t  natural frequency of the skew waffle slab is as high 
as 58% of that of the rectangular waffle slab, even though the boundary 
conditions are exactly identica l; the spans and the widths are s ligh tly
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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d if fe re n t .  This comparison between the rectangular and skew waffle slabs 
reflects the influence of the 45° skew angle on the f i r s t  natural 
frequency. This is not a surprising observation since with increasing skew 
angle, the stiffness is dramatically increased, which leads to an increase 
in the natural frequency. Mode shape wise, Figures 6.32 to 6.39 are almost 
the same, except in the skew slab there is a quadrant symmetry, while in 
the rectangular slab i t  is half symmetry about the longitudinal x-axis and 
about the mid-span l in e .
6.7 FREE VIBRATION OF A SINGLE SPAN ORTHOTROPIC PLATE WITH DIFFERENT
BOUNDARY CONDITIONS
6.7.1  Fixed-Simply Supported Plate
The dynamic response of orthotropic plate structures having fixed 
simply supported and free -free  boundary conditions is investigated using 
the classical orthotropic plate theory. A plan view of an orthotropic 
plate structure with end conditions is shown in Figure 6.40. The boundary 
conditions are:
At the simple support (x=0)
w (x ,y ,t)  = 0 (6 .8)
and the moment
M = D w + D,w = 0  (6.9)x x ,xx 1 ,yy
At the fixed support (x=a)
w (x ,y ,t)  = 0 (6.10)
and
w = 0  (6.11)
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At the free edges (y=+b/2): the moment
M = D w + DoW = 0 (6.12)y y >yy 2 ,xx
and the transverse shear
V = (D + D + D0) w + D w = 0  (6.13)y v xy yx 2' ,xxy y ,yyy
A solution of the governing Equation 3 .2 .6  is given by Equation 
3.2 .17. Following the same procedure as explained in Chapter I I I  and 
satisfying the above boundary conditions and considering the symmetry about 
the x-axis the f i r s t  four natural frequencies are obtained and tabulated in 
Table 6 .10. In order to verify  the method of solution, results were 
compared with those derived from a f in i t e  element SAP IV computer program 
as shown in Table 6.10. The aspect ratio  of the quadrilateral plate 
element was unity and the minimum number of elements used along the width 
of the structure was ten. Also, the flexural natural frequencies u t i l iz in g  
the beam theory derived from the following well-known frequency equation 
( 1 )
f  „ r j r  (6-14)
yj m2a2 \
where
m = mass of beam per unit length 
I = moment of in e rtia  of the beam cross-section 
f  = natural frequency, c .p .s .  
are calculated and shown in the same table for comparison purposes. I t  is 
observed that the results are in close agreement. The associated four mode 
shapes are shown in Figure 6.41 as determined by the classical method of 
analysis presented herein.
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A parametric study was also undertaken to investigate the influence of 
aspect ratio (a/b) and the ratio of the r ig id i t ie s  (Dx/Dy) on the frequency 
response of the structure. Figures 6.42 to 6.45 show the relation between 
the aspect ra t io ,  the r ig id i t ie s  ra t io ,  and the natural frequencies of the 
plate. I t  is observed that for symmetrical modes about the x-axis, Figures 
6.42 and 6.44, there is no significant interaction between the 
aforementioned ratios; that is ,  for a given Dx/Dy, the frequency appears to 
be insensitive to the aspect rat io .  Furthermore, the results from the beam 
theory idealization are not too d if ferent  from those based on the 
orthotropic plate theory, regardless of the aspect rat io or the ratio  
Dx/Dy.
However, results for anti-symmetrical modes, shown in Figures 6.43 and
6.45, reveal signif icant interaction between the ratios (a/b) and (D /D ) .x y
Also, considerable discrepancies in the predicted results from the beam 
theory idealization can be observed. This parametric study is important 
since many codes of practice (53) base the design on the beam theory 
idealization and completely disregard the two-way effect .
6.7.2 Simply-Supported Plate
The dynamic response of an orthotropic plate having simply supported 
ends and free-free boundary conditions, as shown in Figure 6.46, was 
studied using the orthotropic plate theory. The boundary conditions are 
identical to the fixed-simply supported plate except at x=a Equation 6.11 
was replaced by Equation 6.9 for zero moment. Satisfying the boundary 
conditions and proceeding as outlined in the case of fixed-simply supported 
plate the f i r s t  four natural frequencies are obtained. Table 6.11 shows








I  ------  . t .. -------- 1--- . ■ , - - I .........—---
0 1 2 3 4
(!)
FIGURE 6 .4 2  INFLUENCE OF ASPECT RATIO ( a /b )  A N D  














Ekx _ 5  /
Dy




£  4 0
FIGURE 6 .43  INFLUENCE OF ASPECT RATIO (a /b )  A N D  































 _______ Beam Hieory
(i)
FIGURE 6 .4 4  INFLUENCE OF ASPECT RATIO ( a / b )  AND  





















E1GURE 6  .45  INFLUENCE O F ASPECT RATIO ( a / b )
A N D  RIGIDITY RATIO ( D ^ /D y )  O N  FOURTH M O D E
FREQUENCY.





























































TABLE 6 . 1 1


































comparison of the f i r s t  four natural frequencies using the f in i te  element 
approach and the beam theory. The frequencies obtained from the 
orthotropic plate theory are in good agreement with those obtained from the 
f in i te  element approach and the beam theory. The associated mode shapes 
are identical to those previously given in Figures 6.32 to 6.35.
6.7.3 Analogy Between a Continuous Composite Bridge and the Single-Span 
Orthotropic Plate
All of the aforementioned natural frequencies of the single-span 
orthotropic plate with the aforementioned boundary conditions are compared 
with the theoretical natural frequencies of continuous composite bridge 
models. I t  my be recalled that model I comprised of a reinforced concrete 
deck and therefore i ts  r ig id i t ie s  varied due to cracking of the deck slab; 
while model I I  with a prestressed deck in the v ic in i ty  of the intermediate 
support had uniform r ig id i t ie s  since the deck slab did not crack. Two 
methods of analysis were ut i l ized for this comparison, namely, the 
orthotropic plate theory and the f in i te  element method using SAP IV 
program. The results obtained using the classical orthotropic plate theory 
are tabulated in Table 6.12, while those obtained using either the 
equivalent orthotropic plate elements or plate and beam elements are 
tabulated in Tables 6.13 and 6.14, respectively. The comparison of results 
was possible since the f i r s t  and second mode shapes of the continuous 
composite bridge coincided with the f i r s t  and second mode shapes of a 
single-span orthotropic plate with simply supported ends, while the third 
and fourth mode shapes of the continuous composite bridge coincided with 
the f i r s t  and second mode shapes of a single-span orthotropic plate with













TABLE 6 . 1 2
FREQUENCY RATIO OF TWO-SPAN CONTINUOUS BRIDGE TO SINGLE-SPAN ORTHOTROPIC PLATE
USING THE ORTHOTROPIC PLATE THEORY
TWO-SPAN BRIDGE SINGLE-SPAN BRIDGE FREQUENCY RATIO
NATURAL FREQUENCIES C/SEC. NATURAL
MODE MODEL MODEL FREQUENCY MODEL I f MODEL 11/














































TABLE 6 . 1 3
FREQUENCY RATIO OF TUO-SPAN CONTINUOUS BRIDGE TO SINGLE-SPAN ORTHOTROPIC PLATE
USING SAP IV (QUADRILATERAL PLATE ELEMENTS)
TWO-SPAN BRIDGE SINGLE-SPAN BRIDGE FREQUENCY RATIO
NATURAL FREQUENCIES C/SEC. NATURAL
MODE MODEL MODEL FREQUENCY MODEL 1/ MODEL 11/
















































TABLE 6 . 1 4
FREQUENCY RATIO OF TUO-SPAN CONTINUOUS BRIDGE TO SINGLE-SPAN ORTHOTROPIC PLATE 
USING SAP IV (ISOTROPIC PLATE AND THREE-DIMENSIONAL BEAM ELEMENTS)
TWO-SPAN BRIDGE SINGLE-SPAN BRIDGE FREQUENCY RATIO
MODE
NUMBER
NATURAL FREQUENCIES C/SEC. 
MODEL MODEL 














































simply-fixed ends. The same explanation applies to the f i f t h  up to the 
eighth modes as shown in the aforementioned tables. The frequency ratio,  
defined as the rat io between the frequency of the continuous composite 
bridge to that of the single-span orthotropic plate, is given in the last 
two columns of each table.
I t  is interesting to note how closely the appropriate 'single-span 
plate frequencies' are approached by the 'continuous composite bridge 
frequencies' even at the lower modes of vibration. This closeness is 
measured by means of the frequency ra t io .  This means that the "single-span 
orthotropic plate frequencies" are the natural frequencies of a continuous 
two-span composite bridge i f  the la t te r  has a uniform r ig id i ty  along the 
entire length of the bridge; this state can be readily achieved by 
prestressing a portion of the concrete deck around the intermediate 
support.
6.8 FATIGUE TEST RESULTS
The primary purpose of the fatigue test was to monitor the behavior of 
different elements of bridge models I and I I  under a resonance fatigue 
loading, applied very close to the f i r s t  natural frequency. As mentioned 
before, the fatigue loading was applied in intervals; this was necessary in 
order to conduct visual inspection between the loading intervals to locate 
any fatigue cracks. The piston stroke and the moving mass were coupled in 
combination with the excitation frequency to produce the fatigue force on 
the models. Visual inspection is one of the most rel iable methods of crack 
detection; however, cracks must penetrate the surface f i r s t  to be detected 
visually. Furthermore, the dynamic signature of the models was used as a
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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tool for detecting cracks in any of the bridge model elements. Dynamic 
strain ranges were recorded periodically on dif ferent elements in d if ferent  
directions throughout the entire fatigue loading tests. There were five  
c r i t ic a l  elements in bridge models I and I I  which required monitoring and 
examination, namely:
1. Top and bottom flanges of the longitudinal steel beams at mid-span and 
intermediate support sections,
2. Longitudinal reinforcement of bridge model I at the intermediate 
support,
3. Prestressing wires of bridge model I I  at the intermediate support,
4. Transverse diaphragms and
5. Shear connectors.
6.8.1 Bridge Model I
Strain variation at the bottom and top flanges of a longitudinal steel
beam is shown in Figures 6.47 and 6.48, respectively. I t  is observed that
the stress range at the beginning of the fatigue test was about 41.0 ksi in 
the bottom flange and about 20.0 ksi in the top flange; at about 400,000 
cycles, at the f i r s t  natural frequency the stress range in the bottom 
flange increased to 60.0 ksi,  while in the top flange i t  doubled to 42.4 
ksi.  At about 530,000 cycles the bottom flange of the exterior steel beam 
experienced the f i r s t  v is ib le  fatigue crack, 1/4 inch wide. This crack 
propagated from the bottom flange penetrating the web towards the top 
flange, as shown in Figure 6.49. This dramatic change in the stress range 
in the top and bottom flanges of the steel beam at mid-span can be 
attr ibuted to loss in stiffness resulting from the in i t ia t io n  of the
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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FIGURE 6.49 FATIGUE CRACK PROPAGATION IN BRIDGE MODEL I
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transverse cracks along the concrete deck. Extensive transverse cracking 
of the concrete deck began to develop at the beginning of the fatigue test;  
this cracking occurred near the intermediate support as well as at mid-span 
because the dynamic deflection was large enough to create some negative 
moment even at the mid-span section; these cracks were f a i r ly  well 
stabilized after  10,000 cycles of fatigue loading. This means that the 
slab was not effective in contributing to composite action of the bridge 
model, especially not at the intermediate support. The intermediate 
support section was always subjected to negative moment during the fatigue 
test .  At this section, the effective moment of inertia was at least equal 
to the cracked slab composite moment of inert ia  contributed by the steel 
beam and the longitudinal reinforcement in the concrete slab deck. I t  
should be emphasized that even though there were transverse cracks at mid­
span, they were completely closed when the model vibrated at the lowest 
deflected point; this means uncracked slab composite moment of inertia was 
completely effective in resisting the downward vibration. However, during 
the upward vibration, transverse cracks opened and hence, only the cracked 
slab composite moment of inertia  was effective in resisting the upward 
defl ection.
I t  was not surprising that the cumulative fatigue damage to the bridge 
model had a considerable influence on the damping ratio associated with the 
f i r s t  mode shape as well as on the f i r s t  natural frequency. Repeating the 
dynamic tests again on the model revealed that the f i r s t  natural frequency 
dropped dramatically, which means the model lost a certain percentage of 
i ts  stiffness which increased the damping rat io .  This increase was a 
result of the successive transverse cracks in the concrete deck. This
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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shows that the dynamic characteristics of a bridge can be used as an 
inspection tool to confirm the existance of fatigue cracks or of impending 
fatigue failure.
The strain variation of the stress range of the bottom flange of the 
transverse diaphragms at mid-span is shown in Figure 6.50. In i t i a l ly ,  the 
stress range was about 10 ksi. At about 600,000 i t  more than doubled due 
to an invisible crack which was monitored from the strain gage time 
history. Furthermore, the strain variation in the longitudinal reinforcing 
bars at the intermediate support was continuously monitored and recorded as 
shown in Figure 6.51; at about 600,000 cycles, one bar was fatigued; this 
fatigue crack was a result of the wide transverse cracks which created high 
stress concenetration at the cracks' locations in the reinforcing bars 
under the repeated load. Also, an invisible crack was monitored in the top 
flange of the longitudinal steel beam at the intermediate support by means 
of changes in the strain time history as shown in Figure 6.52.
Design of the stud shear connectors based on fatigue and flexural 
requirements are shown in Figure 6.53. However, i t  was decided to provide, 
in bridge model I ,  a larger number of shear connectors beyond the number 
required by fatigue considerations. This decision was made to eliminate 
the possibility of separation between the deck and the steel beams, which 
is l ike ly  to occur at resonance fatigue loading. The strain variation in a 
stud shear connector near the end support is given in Figure 6.54. This 
figure shows fatigue hair cracks on both sides of the stud; however, after  
the conclusion of the tests and the slab removed to examine the studs, 
there were no visible cracks on the studs; which means that the number of
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the provided shear connectors may have been more than suff ic ient and that 
shear connectors fatigue requirements are adequate.
I t  should be mentioned that the steel bolts holding the moving mass to 
the top plate of the actuator was fatigued after  50,000 cycles. However, 
this was repaired by means of super high-strength 1-1/2 inch bolts. At the 
end of the fatigue test i t  was decided to repair the fatigued model and re­
examine i ts  dynamic characteristics. The repair was achieved by welding 
3/8 inch thick plates, one to the exterior side of the web and one on the 
bottom flange, as shown in Figure 6.55. Bridge model I was retested under 
dynamic load, and results indicate that the bridge model regained its  f i r s t  
natural frequency, but did not achieve the same damping rat io .
6.8.2 Bridge Model I I  and Comparison with Bridge Model I
As mentioned before, bridge model I I  had a portion of i ts  concrete 
deck prestressed in the v ic in i ty  of the intermediate support; the fatigue 
fa i lure  of this model was characterized by the in i t ia t io n  of a visual crack 
that propagated under repeated application of resonance load until 
eventually the effect ive stiffness could no longer sustain the load. Two 
actuators were used to conduct the resonance fatigue test close to the 
third mode shape, i . e . ,  at the second flexural mode, by exciting the model 
at the f i r s t  natural frequency. This was necessary since the third natural 
frequency was quite high; however, by using two actuators acting 
simultaneously and in-phase on each span and with the exciting frequency 
equal or close to the f i r s t  natural frequency of the model, the fatigue 
loading would excite the model in the third mode shape, and close to the 
f i r s t  natural frequency. The third mode shape, shown in Figure 6.22, was
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continually producing large negative moment at the intermediate support. 
This was required to examine the effect of the hogging moment on the 
prestress force and on the prestressing wires under repeated loads.
Figure 6.56 shows the strain distribution in the bottom flange of the 
longitudinal steel beams and on top of the prestressed concrete deck at the 
intermediate support as well as in the top and bottom flanges of the 
longitudinal steel beams at the mid-span before casting the non-prestressed 
concrete portions. The strain distribution at the intermediate support 
indicated that high compressive strains in the concrete deck developed as a 
result of the prestressing force; this force also had a tendency to 
displace the steel beams upward, creating positive strain in the top 
flanges and negative strain in the bottom flanges at the mid-span sections 
as shown in Figure 6.56.
Figure 6.57 shows the strain variation at the bottom flange of the 
in ter ior  steel beam at the mid-span section. Comparing Figures 6.57 and 
6.47 shows that the presence of the prestressed concrete around the 
intermediate support in bridge model I I  considerably reduced the stress 
range in the bottom flange of the in te r io r  beam at the mid-span section of 
bridge model I I .  The stress range in the top flange of the inter ior  beam 
at the intermediate support was about 16.50 ksi and no significant changes 
occurred even at high number of applied fatigue cycles while in bridge 
model I the stress range s ignif icantly  increased to 21.24 ksi as shown in 
Figure 6.52.
A typical strain variation in the transverse direction on the top of 
the prestressed concrete close to the intermediate support reflected the 
Poisson's ratio effect  on the strain variation in the longitudinal
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Strain Variation at the Bottom Range of Steel Beam at Mid Span of Bridge Model I
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direction, as shown in Figure 6.58. No significant changes were noticed, 
until about 500,000 cycles when a jump in the transverse strain indicated 
some transverse cracks had occurred; at about 750,000 cycles the strain 
became negative strain which indicated more cracks had developed.
The prestressing force created large shear forces on the stud shear 
connectors located within the prestressed concrete portion. Consequently, 
this shear force created high tension on one side of the root of the stud; 
by superimposing this tensile strain on the changes in the stud strain due
to the pulsating force resulted in a strain variation corresponding to a
small stress range of 4.5 ksi as shown in Figure 6.59. No fatigue fa i lure  
in the shear connectors, located within the prestressed concrete portion, 
was monitored throughout the fatigue tests.
Figure 6.60 shows the strain variation in the bonded prestressed wires
at the intermediate support. The variation in the strain was small.
Consequently, i ts  stress range was re la t iv e ly  small because the stress in 
the bonded wires did not increase by more than 25% to 38% from its  
effective prestress value. Therefore, fatigue fa i lure  in the wires was 
unlikely even though the resonance stress was exceeded; the stress range 
was about 30 ksi at the beginning of the fatigue test ,  i t  reached 45 ksi at
800,000 cycles.
At about 800,000 cycles a complete separation between the prestressed 
and non-prestresed concrete occurred. I t  started at the top of the 
connection and went through a 45° inclined plane, as shown in Figure 6.61. 
I t  should be mentioned that no v is ib le  transverse cracks in the concrete 
were observed in the negative moment region around the intermediate support 
from the beginning of the fatigue test up to 800,000 resonant cycles, as
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FIGURE 6.61 SEPARATION BETWEEN PRESTRESSED AND NON-PRESTRESSED CONCRETE 
PORTIONS ALONG A 45° PLANE AT 800,000 CYCLES
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shown in Figure 6.61. On the other hand, bridge model I had a severe 
transverse cracks around the intermediate support on the top and bottom 
surfaces of the concrete slab, as shown in Figure 6.62; i ts  bottom 
concrete cover beam loosened and spalled, as shown in Figure 6.63. At 
about 850,000 cycles fatigue cracks developed at the top flange of the
exterior and middle beams in one span, and in the concrete slab at 6 inches
away from the end of the connection between the prestressed and non- 
prestressed concrete portions, as shown in Figure 6.64. This separation, 
shown in Figure 6.61, occurred only in one span and not in both spans, 
although both spans were simultaneously subjected to the same rate of 
fatigue loadings. The reason for this was a result of removing some of the 
shear connectors at one end (see page 94 ) for fa c i l i ta t in g  the 
prestressing procedures and replacing them by steel bars, as shown in 
Figure 6.65. I t  was noticed that the natural frequency dropped
significantly with a dramatic increase in the damping rat io .
Since one span had no fatigue cracks so far,  the decision was made to 
continue the fatigue test .  At about 1,100,000 cycles, the bottom flange of 
the longitudinal steel beams fatigue cracked at the mid-span section 
underneath the load in the same fatigued span as shown in Figure 6.66.
The dynamic sweep test was conducted after detecting each fatigue 
crack and the measured f i r s t  natural frequency was verif ied by modeling 
each crack using the f in i te  element computer program SAP IV; the results 
are given in Table 6.15. The results reveal that the bridge model lost 
about 36% of i ts  stiffness at the f i r s t  fatigue crack, shown in Figure 
6.64, while at the second fatigue cracks, Figure 6.66, the bridge model 
lost about 60% of its  total stiffness.



























FIGURE 6.63 TRANSVERSE CRACKS AND SPALLING OF CONCRETE COVER IN THE BOTTOM OF THE SLAB AT THE 
INTERMEDIATE SUPPORT OF BRIDGE MODEL I
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FIGURE 6.64 FATIGUE CRACKS IN TOP FLANGES OF EXTERIOR AND MIDDLE BEAMS OF 
BRIDGE MODEL I I  AT 840,000 CYCLES


































































TABLE 6 .1 5
VARIATION IN THE FIRST NATURAL FREQUENCY 
OF BRIDGE MODEL I I  DUE TO FATIGUE LOADING USING SAP IV
NATURAL FREQUENCY C/SEC.
MODE BEFORE FATIGUE ' CASE I - I
■kic
CASE 11-I I
SHAPE ZERO CYCLES AT 820,000 CYCLES AT 1,000,000 CYCLES
NUMBER THEORETICAL EXPERIMENT THEORETICAL EXPERIMENT THEORETICAL EXPERIMENT
1 21.1 22 14.8 14 9.6 9
Fatigue Crack
■o-■9-
Case I - I ;  see Figure 6.64
* *  , ________________x----- e ------  -a  Case 11-I I ; see Figure 6.66
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I t  was decided to conduct the ultimate load test  without repairing the 
fatigued span. The reason behind this  decision was to compare the ultimate 
load carrying capacity of repaired model I and the unrepaired model I I .
6*9 ultimate LOAD TEST RESULTS
After  repairing the fatigue crack in bridge model I ,  i t  was tested to 
fa i lu re  under a concentrated s ta t ic  load at one mid-span of the middle 
beam, as shown in Figure 6.67. The collapse load was 56 kips (249 KM) 
which compares well with the calculated load of 60 kips (267 KN) derived 
using plast ic  structural analysis. Such close agreement shows that the 
hai r cracks due to fatigue did not s ign i f ic a n t ly  influence the ultimate 
load carrying capacity of the structure, and the overstressed concrete deck 
and the diaphragms were s t i l l  d is tr ibu t ing  the load adequately in the 
transverse d irect ion .  I t  was observed that the steel beams at the mid-span 
had completely yielded and the top reinforcement in the concrete deck had 
buckled lo c a l ly , .a s  shown in Figure 6.68.  The ultimate load test  
deflection curve is shown in Figure 6.69. I t  was observed that the 
deflection was about 2.0 inches at a load of 40 kips, while at a load of 56 
kips the model kept yielding without sustaining any further  load.
As mentioned before, bridge model I I  had only one span completely 
fatigued. The decision was made to load the two spans simultaneously 
without repairing the fatigued span. Figure 6.70 shows that the ultimate  
load carrying capacity for the unfatigued span was about 65 kips, while the 
fatigued span collapsed at a load of 30 kips. The fatigue cracks in the 
fatigued span completely opened under the ultimate load, as shov/n in Figure 
6.71. The formation of posit ive and negative 'p la s t ic '  hinges is evident
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FIGURE 6 .7 0  STRAIN AT BOTTOM FLANGE OF STEEL BEAMS AT THE 
MIDDLE OF UNFATIGUED SPAN OF BRIDGE MODEL I .
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in Figure 6.72; a close-up of the formation of the negative 'p la s t ic '  hinge 
is shown in Figure 6.73. Comparing the ultimate load carrying capacity of 
the two models reveals that bridge model I I  exhibited a higher load 
carrying capacity, probably because of the presence of the prestressing 
steel and perhaps because the fatigued span was acting as a canti lever  
portion to the unfatigued span, providing additional st if fness in resisting  
the ultimate load. I t  should be noted that the s l ip  between the concrete 
deck slab and the longitudinal steel beams was almost zero in both models 
even at the ultimate load. In a protype bridge with a prestressed deck in 
the region of the intermediate pier support, i t  can be expected that the 
bridge w i l l  have a higher ultimate load carrying capacity because the deck 
w il l  remain crackless under service loads.
6.10 PARAMETRIC STUDY ON THE SKEW ORTHOTROPIC PLATE
The f in i t e  element computer program STRUDL-DYNAL was used to examine 
the e f fec t  of slcew angle and aspect ra t io  on the natural frequencies of a 
skew orthotropic p la te .  Figure 6.74 shows the influence of d i f fe rent  skew 
angles with aspect ra t io  of one on the f i r s t  four natural frequencies. I t  
can be seen that for small skew angles, increase in the skew angle does not 
s ign if ican t ly  change the f i r s t  four natural frequencies. However, 
s ignif icant  changes in the natural frequency occurs at large skew angles.
I t  was recognized e a r l ie r  that at larger  skew angles such as 60° the number 
of f in i t e  elements should be at least twice the number used for small skew 
angle in order to accurately calculate the natural frequencies, as shown in 
Table 6.16.
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TABLE 6 . 1 6
EFFECT OF SKEW ANGLE ON THE NATURAL FREQUENCIES 
OF SKEW ORTHOTROPIC PLATES





NUMBER 0 = ZERO 0 = 10° 0 = 20° 0 = 30° 0 = 45° 0 = 60°
1 7.4 8.8 12.3 16.5 24.8 41.6 (* )
37.6 (**)
2 12.8 13.5 15.9 19.4 26.1 42.4
38.4
3 26.9 27.1 28.6 32.0 41.7 69.8
59.9
4 29.7 32.0 38.6 47.4 60.4 85.3
79.2
= SKEW ANGLE
(*)  Based on the same number of f in i te  elements used for 0°,  10°, 20°, 30° and 45° skew angle.
(** )  Twice the number of the elements.
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Figure 6.75 examines the ef fect  of three aspect ratios of 0 .5 ,  1.0 and
2.0 on the f i r s t  four natural frequencies of a 45° skew orthotropic plate.  
The results reveal that increasing the aspect rat io  has no signif icant  
effect  on the f i r s t  natural frequency. However, the reverse is true for  
the higher mode natural frequencies.
To demonstrate the advantage of using a skew waffle slab rather than a 
skew solid slab, a comparison study is shown in Table 6.17 between a 45° 
skew waffle slab and a solid slab having the same amount of weight and the 
same planform dimensions. The enhancement in the natural frequency by 
using the skew waffle slab is about 65% compared to that of the skew solid 
slab. This fact was expected since using a waffle slab, the longitudinal 
and the transverse r ig id i t ie s  are dramatically increased, which reflects on 
the dynamic characteristics of the structure. In order to achieve the same 
goal by using a solid slab, i ts  thickness has to be substantially  
increased, yielding a non-economic structure.
6,11 PUSH-OUT TEST RESULTS
The design of shear connectors should be based not only on theoretical  
calculations, but also on results of push-out tests.  Therefore, the push- 
out test  under s ta t ic  load aimed to find curves relat ing the shear load on 
the specimen to the s l ip  between beam and slab, and to find the maximum
load which the stud connector can sustain. The result reveals that the
fatigue fa i lu re  of the connector was quite d i f ferent  from that under s ta t ic  
load. Figure 6.76 shows the fa i lu re  of the stud connector under stat ic  
load as a result of the yielding of the connector. Strain gage readings on
the stud and on the flange close to the stud location, shown in Figure
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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TABLE 6 .1 7
NATURAL FREQUENCIES OF THE SKEW SOLID AND SKEW WAFFLE SLABS 





IN THE NATURAL 
FREQUENCY %SOLID SLAB* WAFFLE SLAB*
1 15.00 24.70 64%
2 15.8 26.1 65%
3 25.36 41.7 65%
4 36.6 60.4 65%
*  Skew angle = 45° and aspect ratio = 1
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6.77, confirmed that fa i lu re  of the specimen occurred due to yielding of  
the connectors.
A typical load s l ip  curve shown in Figure 6.78 indicated that the 
i n i t i a l  part of the curve represents the bond between the flange and the 
slab. The amount of s l ip  s ign i f ican t ly  increased a f te r  the bond was 
completely destroyed. For example, at a load of 10 kips the slip was 0.001 
inch, while at a load of 20 kips the s l ip  became 0.030 inch. The slip  
increased dramatically once the stud started y ie lding.
Furthermore, fatigue fa i lu re  was most l i k e ly  caused in the weld 
between the beam and the connector as a result  of stress concentration in 
the weld. Typical fatigue fa i lu re  of two stud shear connectors is shown in 
Figure 6.79. I t  was observed that because of the e ffec t  of the pulsating 
load on the shear connector, the fa i lu re  occurred at a load less than that  
obtained during the s ta t ic  push-out t e s t .  Therefore, in the design of the 
two bridge models, special considerations were given to the fatigue  
requirements of the shear connectors.
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CHAPTER VII  
SUMMARY AND CONCLUSIONS
7 .1  SUMMARY
In th is  investigat ion, the dynamic response of continuous composite 
bridges was investigated using the orthotropic plate theory. The analogy in 
the dynamic response between a continuous prestressed composite bridge and 
a single-span orthotropic plate with d i f fe re n t  boundary conditions was 
explored. The influences of the aspect ra t io  and r ig id i ty  ra t io  on the 
natural frequencies were examined and compared to those obtained from beam 
theory. The theoretical approach was supported by experimental results 
obtained from tests on two two-span continuous composite bridge models. 
Fatigue tests were conducted to examine the behavior of the longitudinal 
steel beams, shear connectors and the prestressed wires at the intermediate 
support.
A series solution for the free vibration problem of skew waff le slabs 
using the orthotropic plate theory was presented. A computer program was 
written to formulate the transcendental frequency equations for symmetric 
and anti-symmetric mode shapes, from which the associated natural 
frequencies were found. The theoretical results were ver i f ied  by f in i t e  
element computer solution programs such as SAP IV and STRUDL DYNAL, the 
theoretical results were also substantiated by experimental results 
available elsewhere. Parametric studies were carried out to examine the 
effect  of d i f fe re n t  aspect rat ios and skew angles on the natural 
frequencies of skew orthotropic plates.
260
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The analysis of e i ther  the continuous composite bridge or the skew 
waff le  slab leads to the a l l - important  lower natural frequencies which are 
then compared to the applied transient loads frequency in order to avoid 
the state of resonance. This derived frequency w il l  be valuable in 
establishing the dynamic load allowance for use in design practice.
7.2 CONCLUSIONS
The following conclusions are drawn based on the results obtained from 
the theoretical and experimental studies:
1) Enhancement in the continuous composite bridge natural frequencies 
can be realized by eliminating the transverse cracks in the negative moment 
region by means of prestressing the slab in that region of the bridge,
2) One hundred percent composite interaction between the concrete and 
the steel girders can be achieved in the negative moment region of 
continuous composite bridges under dynamic and fatigue loading by placing 
stud shear connectors in the negative moment region and applying 
prestressing to the deck slab around the negative moment region;
3) Prestressing can be used to e f fe c t iv e ly  decrease the fatigue  
stress range and consequently the bridge fatigue l i f e  as well as the 
ultimate load carrying capacity w i l l  increase;
4) The natural frequencies of a two-span continuous composite bridge 
are identical to those of a single-span bridge with proper boundary 
conditions, provided that there is no transverse crack in the negative 
moment area;
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5) Cracking of the concrete deck as well as fatigue cracks in 
continuous composite bridges can substantia l ly  reduce the natural 
frequencies and thus increase the damping of the structure;
6) Fatigue loading of continuous composite bridges close to th e ir  
resonance frequencies can cause very rapid increase in the stress range, 
thus leading to sudden fa i lu re  of the structure,
7) A fatigue-cracked continuous composite bridge can regain most of  
i t s  s t i f fness  and ult imate load-carrying capacity when properly repaired.  
Fatigue-induced hair  cracks in the secondary members of the structure have 
no s ign if icant  e f fec t  on the dynamic response nor on the ult imate load- 
carrying capacity of  the bridge;
8) The good agreement between the series solution of a skew 
orthotropoic plate and experimental results supports the mathematical 
derivation and v e r i f ie s  the assumptions made;
9) Skew waff le  slabs possess higher natural frequencies than solid 
skew si abs.
7.3 SUGGESTIONS FOR FUTURE RESEARCH
For future research, the following suggestions are recommended:
1. The series solution of the free vibration problem of skew 
orthotropic plates needs to be extended to a continuous-span structure,  
with d i f fe re n t  boundary conditions;
2. Experimental research needs to be carried out on skew waff le  slabs 
to examine the e f fe c t  o f  prestressing and the influence o f  d i f fe re n t  r ib  
orientation on the vibrat ion levels of the structure.
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Refering to Figure 3 .6 ,  the transformation of the governing d i f fe re n t ia l  
equation from the rectangular coordinates into the skew coordinates was 
done using the following relat ions:
(1) Relation between ( x ,y ) ,  (u,v)  and the skew angle 9
(2) D i f fe re n t ia t io n  of the mode shape function of ( u ,v , t )  with respect to 
x.
= w,u 1/c -  w,v s/c
1/c [w ,u -  s w,v ]
w Xy ~ 1/C Cw, SW
1/c [w ,uv -  sw,vv]
w SW
1/c [w uvv SW vvv ]
w u X
+ 1/c w V
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= 1/c [w ,uu 1/c -  s/c w,uv]
-  s/c [w ,vu 1 /c  -  s/c w,vy]
= 1/c2 [w’ uu -  2sw’ uv + s2w’vv]
W’xxx = 1/c2 Cw’ uuu u ’x + w’ uuv v ’ x]
■ ^2 *-w* uuv u ’ x+ w’ uvv v ’ x3 
s2
+ ^2 ^w,vvu u’ x + w’vvv V’x^
c2 *^c w’ uuu " c w’ uuv^
2S r  1 S -i
„2 c ’ uuv " "c w’ uvv
s2 1 s
+ c2 ^c w’ uvv “ ~c w’ vvv^
1 0= —~r [w, -  3sw, + 3s w, -  s w, ]3 ’ uuu ’ uuv uvv vvvu
w,xxxx = ^3 ^w’uuuu u’x + w’ uuuv v ’x
3sw’uuuv u ’x " 3sw’uuvv v ’x
2 2 
+ 3s w’ uuvv u ’ x + 3s w’ uvvv v ’x
s w’ uvvv u ’x “ s w*vvvv v ’x^
= JL r l  W -  1c3 Lc ’ uuuu ” c w’ uuuv
_ 3s 3s^
c ’uuuv c w’ uuvv
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
s3 .  s4w  m i ■—  VJ «|> I J  I
c *uvvv c ’ vvvv
-^w’ tiuuu ” ^sw’ uuuv + 6s w’ uuvv “ w,uvvv + s w’vvvv^
(3) D i f fe ren t ia t ion  of the mode shape function of ( u ,v , t )  with respect to 
X*
W’y = W'u u *y + w-v V-y
= w,v
W "  w
’yyyy ~ *w w
(4) D i f fe re n t ia t io n  of  the mode shape function of ( u ,v , t )  with respect to 
x and v.
W’xxy ~ c2 ^w,uuu u ’y + W’ uuv v ,y
-  2sw’ uuv u» y - 2sw*uvv v *y
+ s2w*uvv u ’y + s 2 w ’VVV v ’y ]
W,xxyy " c2 -^w’ uuv " 2sw’ uvv + s w’ vvv^
- tw >uuuv u »y + w »uuvv V »y
2sw’uuuv u ’y " 2sw’ uvvv v ’y
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+ sZ"-u*v« u' y +s 2w’vvv ''•y3
" 7  Cw’uuvv -  2sw,uvvv + ^ “ ’vvvv3
F in a l ly ,  Equation 3 .2 .6  becomes
Dx “T  *^w,uuuu “ 4sw’ uuuv+ w,uuvv “ 4s w’ uvvv + s w *vvvv^ c
+ 2H [w ,uuvv -  2sw,uvvv + s w,vvuv3
+ Dy w’ vvvv = - ffihl w* t t
“* % » „ „  -  4sDxw-uuuv -  C6s °x2+ 2Hc ] § -uuvv
-  4 [ s3 Dx + Hsc2] w,uvvv + CDXS4 + 2Hs 2 c2 + Dyc4] w,vvvv
- "V4w-tt
The above equation represents the free vibration governing d i f fe re n t ia l  
equation of a skew orthotropic p la te ,  given by Equation 3 .3 .2 .
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The derivation of each of the following d e f in i te  integrals is very lengthy. 
However, only the f inal  result  is given below. I t  should be noted that the 
value of each d e f in i te  integral is a function of the frequency as well as 
the e las t ic  properties of the plate .
V' h  /  Vu) du
— a
i  aa = t  f  H (u) cos a u duom a o m— 3
i  ab =  — /  H (u) sin a  u duom a n m
■ a
• n o - k  /  Hn<u> du
— a
anm= a /  Hn(u) cos amu du
*  3
bnm= T  / .  Hn(u) sin amu du
■ a
a nn» a om» ann. and b„m are function of the following de f in i teoo’ om om’ no* nm nm







I jX = i  /  sinh uln cos u2n sin a mu du = -T fll (Sa lA8n + Sa2A?n)
•• 3
I j2  /  cosh uln sin u2n sin a mu du = Tal (Sa l A?n -  Sa2Agn)
Xj3 = a1 f s1nh uln cos u3n sin a mu du = "Tbl (SblB8n + Sb2B7n)—a
i a
!j4 = a f  C0Sh Uln s1n u3n sin a mu du = Tbl (SblB7n " Sb2B8n)
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1 b
1 j5  = b sinh wln cos w2n sin V  dv = - Sxl (ux lA4n + ux2A3n}
1 b
1j6  = b J  cosh wln s1n w2n s1n V  dv “ Sxl (ux lA3n " ux2A4n>
1 b
1 j7  *  b J  5inh 5ln cos w3n s1n V  dv = ‘ Sy l  (uy l B4n + uy2B3n>
1 j8  = ¥  _ / b cosh "in cos w3n s1n Bn,v dv = Sy l (uy l B3n '  uy2B4n>
1 9
! kl = a 1  cosh uln cos u2n cos “ nu du = Ta2 (Sa3A7n + Sa4A8n>•” 3
i  a
*k2 = “a !  S1' nh uln s1n u2n cos V  du = Ta2 (sa3A8n ‘  sa4A7n>•• 3
i  a
'k3 = "a /  cosh uln cos u3n cos amu du = Tbl (sb3B7n + sb4B8n>*• 3
i  3 •I k4 = 1  S sinh uln sin u3n cos amu du -  Tb2 (Sb3Bgn -  Sb„B7n)
•  3
i  b
*k5 = S  h /  cosh wln cos w2n cos V  dv = Sx2 (ux3A3n + ux4A4n>
- D
1 b
: k6 = -5 h f  s1nh wln s1n w2n cos Bmv dv = Sx2 (ux3A4n ‘  ux4A3n>-b
i  b
‘ k7 = b _ /  cosh wln cos w3n cos Bmv dv " Sy2 (uy3B3n + uy4B4n>
1 b
k8 = s1nh wln sin w3n cos 6mv dv = sy2 (uy3B4n '  uy4B3n>
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Jlm = F  ;  - T  cosanu du = F  /  cos 8 nv dv = ( -1 ) "  —
-a a -b b n tt *
9 4 ^ 4
J3m = 7  /  74 cos “ nu du = F  /  77  cos V  dv = 2Jlm (1 '  ~T ~$-a  a - b  b n tt
, a , b
JRm = T  *  T  S1n a r,u du = -r- /  sin 6 v dv = -  J,m a_a -b b n  2 lm
a 3 d 3
J7m " a /  ~3 sin “ n u du = F  /  73 sin « V  dv = '  " T  J3n-a a -b b
Kln = 5a /  cosh uln cos u2n du = F T  (Kl A7n + K2A8nJ-a Mn
a
■-a *" “Mn/  sinh uln s1n u2ndu = F T  (Kl A8n '  K2A7n>
K3n = h  ,  f  cosh uln cos u3ndu *  F T  (Kl B7n + K3B8n>-n n
K4n = h  a /  s1nh uln s1n u3ndu = F T  (Kl B8n +—a n
i  b i
5n “ 2F_b S cosh vln 005 v2ndv = FF^ (Kl A3n + K2A4n>
1 b 1
K6n = 2F .b f  s1nb vln sin v2ndv = F7£ (Kl A4n ‘  K2A3n> 
1 b 1 
K7n ■ 2F.b s cosb » l„  dos v3ndv *  FF" <Kl B3n + K3B4n>
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h  / / y . O O S V  JOr; I R 0 4 0 r C J K » 1 0 » 2 O )  f G H A C f c f  C L A S S  = A f R £ G i r i N - = 7 0 U K
3, / /  cXl C ZEThPLGT
/ F C  ^  T D i n  e W S  L O.\[,X (  2 tiOOG I, Y ( ?  -1000 1 f X N ( 2 3 0 0 0 )  t Z ( 2 S O O O I  t F ( 2 8 0 0 0  I 
fc, C A L L  PL T E D Z J  * . M I N A  G K A C L  * r * R U 4 U  r L J k  I
?, R E  A 0 2 ,  I X  I J )  10 =  1 * 7 8 5 2 )
l« 2 F Q R K o T T  1 1 F 7 . 0 )
.7. N = 0
^  =  0
U ,  D O  J J = 1»  7 8 3 2
j2, I F C Afc- ( X  ( J  ) ) • G T  • 2  • 0 I G O  T O  5 1
5 1  I f ( A 8 S ( X I J ) ) . L T .  2 0 0 0 . ItiO T O  4
15, G O  T O  3
H, 4 K= K + l
N = S' * H
}o, X N  ( N ) = X  I J )
47, 3 C O N T I N U E
^0, U U  1 1 =  1» K
4l, Y ( I J =  0  • 0
1 C 0 14 T iiN L' £
U* F N =  N / l  • 0§4, F tt= ALGb( F U) /ALQG( 2 . 0  I
?5, "1 = F«
N = 2 * * M 
NPTS=U
|8, DELTAT=1« /  350.
>?* CALl ' f FT (XNfY*Nf Mt i i lG . 'J fn tL T A T fZ fF l  , n . - in - in  P ^
C « L L  Z P L O T c  ( F » Z * N P T S ? - 1  . O t  I o 0 . 0 f l 0 . 0 r 0 . 0 f  . . O r  I O J O . C t j j o
l » - i » 0 )
CALL PLTEND (4 0 .0 1  
STOP
£ U S U r i R O U T L K r :  F F T  ( X N  r Y t h t *  % I S  I G N  » D ELT'AiT » Z i V)
1?, R E A L  X M  2 L G 0 0 I  f Y ( 2 3 0 0 0 )  f Z ( 2 8 0 0 0 )  * F  I :>0 0J )
i*. C X R E A L  P A R T  C Y  I M A G .  P A R T
?7. C T O T A L  N O .  O F  r . N P U T  0 A T A
) { Nv2 = 0 /2  
?1. Nf.l = h - 1
J  = 1
;i. no i  i  = l  * nm l
h« I F ( I . G E . J)G0 TO 5
?5. T -  X N ( J )
X . M J ) = X N ( I I
r*
X r t C I ) = T
Y (J  I = Y  ( 1 1 
Y ( I f = T
k=K« y 2
/ • I  A I M  A I  -
J|. T = V I J I
?1
6 I F ( K . G t • J I  G O  T O  7
* - J 7 *h -P./ £.
G U  T O  6 
S§« 7 J = J  +  K
P l 2 = l S I 3 N * A T 4 N ( 1 . ) * 3 -  
DO. 2 0  L  = I t M  
L r  = 2  * * L
•5. L t l  =  L.-/2
o C L =  P I 2 / L E  
ft. D O  2 0  J = 1 » L E 1
I j* A R G - T J - 1 ) * S C L
C  = C O  5 ( A R G I  
S = S I N ( A R G )
D O  2 0  I = J t N '  f L E  
I t *  I P = I + L  E 1
t i =xr;( i p ) * c+yc rp) *s
T 2 - Y ( 1 P ) *  C — X N ( I P )*  S 
X w ( l P ) = X N ( I ) - T l  
>4. Y ( I F  ) = Y  ( 11 —  T 2
X N ( I ) =  X N ( D  +  T l  
>.3» 2 0  Y ( I ) = Y T I ) F T 2
>2« D U  2 1  I =  1 1 N
>?• 2 ( 1 ) = ( 8 N R  T ( X N I I ) * * 2  +  Y ( 1 1 * * 2 ) I * 0 E L T A  T
>5» F i l l — I / l  N * D t L T  A T  )
)'» 2 5  C O N T I N U E
}§• R E T U R N
(jJ; / +  E.iD
/ / G U . S Y S I N  D D  *
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MEGADAC 2000 DATA ACQUISITION
This Appendix describes the procedure that was used to record and to 
store on tape the data from d i f fe ren t  sensors such as accelerometers, 
LVDTs, DCDTs and dynamic strain gages. Furthermore, a f te r  the data is 
stored, i t  needs to be transmitted to a wylbur f i l e  on the University of  
Windsor IBM 4031 through an IBM personal computer.
D. l  Recording and Storing of Data
The Megadac manual explains th is  procedure in general terms. However, 
the following procedures were used throughout this research:
D.1.1 Mode Table
This table enabled the author to establish a certain p ro f i le  for  
communication with the data acquisition by assigning the following values 
for  d i f fe re n t  mode entry:
MODE ENTRY VALUE DESCRIPTION
0 1 CR only transmitted
1 1 No l in e  feed E chord
2 0 Full duplex mode
3 0 Status reporting enabled
4 0 X0N/X0FF Protocol in e ffect
5 0 One-up number sent
6 0 No del ay a f te r  CR
7 11 Number of entr ies transmitted
8 0 Wait for I/O to complete
9 1 High resolution
10 1 Signed data
11 0 19.2K baud rate
12 0 Even par i ty
13 1 Monitor channel 1
14 2 Monitor channel 2
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15 3 Monitor channel 3
16 0 Transmitted by computer
17 0 Normal e rror  recovery
18 0 Do not rewind
19 0 One tape drive
20 0 No auto res ta r t
21 0 No IEEE
22 0 No IEEE para l le l  port
23 0 Cassette format
D.1.2 Base Entries
The following 18 base entr ies in Scan Table were i n i t i a l i z e d  by the 
author which contained the directions to be followed by the Megadac for  
processing the input-output channels throughout the dynamic tests:
MODE ENTRY VALUE DESCRIPTION
0 64 Number of Scan entries
1 500 Sampl es/seconds
2 0 Samples/second
3 0 Internal clock
4 1 Tape mark inserted
5 1 Auto-balance enabled
6 0 No tab le  expansion
7 1 Brust scan mode
8 0 Start  storing immediately ( * )
9 0 Stop storing immediately ( * )
10 0 Do not repeat the recording cycl
11 1 Monitor Scan Entry #1
12 2 Monitor Scan Entry #2
13 3 Monitor Scan Entry #3
14 0 To be used for  fatigue test  ( * )
15 0 To be used for fatigue test  ( * )
16 0 To be used for fatigue tes t  ( * )
17 0 To be used for fatigue test  ( * )
18 10 To be used for fatigue test  ( * )
( * )  w i l l be changed for fatigue te s ts .
D.1.3 Scan Entries
This table of Scan Entries gave a mapping information of each channel 
for  extraction of data samples; each scan entry contained a high and low
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l i m i t  which were used for start ing and stopping the recording process 
during the fatigue tests only. Also, i t  contained an appropriate gain 
value and an auto-balance value that was applied to each channel. The gain 
value was d i f fe re n t  according to the type of sensors and bas ica l ly ,  i t  
depended on the output voltage from the sensors. For example, the 
following Scan Entry was assigned to the peizoelectr ic accelerometer during 
the dynamic test:
001 00000 00000 00008 00000 
and during the fatigue test  is was
001 000200 002000 00008 0000
0.2 TRANSMITTING DATA FROM MEGADAC TO IBM PC
After  a l l  the data were successfully stored on the Megadac tape, i t  
required transmission to an IBM-PC disk f i l e .  The RS-232C cable was 
connected from the Megadac's RS-232 port to the IBM port labelled COM2, and 
the RS-232 cable was connected from a modem, attached to Wylbur, to the IBM 
port labelled C0M1.
The Asynch Comm System Disk contained programs such as K0UNT and AUT02 
which were developed by Mr. G. Monforton, a student in the E lectr ica l  
Engineering Department. The 'KOUNT' programs was used f i r s t  to transmit 
the data from the tape to IBM-PC f isk  f i l e .  A l i s t  of th is  program is 
given below.
10 OPEN "COM2:19200,E ,7 , 2 ,RS,CS,DS,CD" AS #1 
20 PRINT #1, "C02"
30 LINE INPUT #1,A$
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
27 9
40 LINE INPUT #1,A$
50 INPUT "DISK FILENAME (FILENAME.EXT)FI$
60 OPEN FI$ FOR OUTPUT AS #2
70 INPUT "Enter transmit command ( X [ n n n [ C ] ] ) , X $
75 INPUT "Number of i te ra t ions";N IT  
80 PRINT #1,X$
90 LINE INPUT #1,A$
100 PRINT A$,LOF(1)
110 IF LEFT$(A$,1)<>"#" THEN PRINT #2,A$
120 WHILE NOT EOF(!)
125 1=1+1
130 IF L0F(1)<5000 AND X=0 THEN PRINT #1,CHR$(19):X=1 
150 IF X=1 AND LOF(1)<13000 THEN X=0:PRINT #1,CHR$(17)
160 LINE INPUT #1.A$
170 PRINT A$,L0F(1)
180 IF LEFTS(A$,l)<>"#" THEN PRINT #2,A$
190 WEND
195 IF I <4 THEN 1=0:K0UNT=K0UNT+1: IF KOUNT<NIT GOTO 200 ELSE GOTO 8 
200 END
D.3 Transmitting Data from IBM-PC to IBM 4031
A fte r  having the data on an IBM-PC disk f i l e ,  i t  was transmitted to 
the main computer at the University of Windsor by using the computer 
program called Auto2.
This f inal transmission of the data was important to obtain a computer 
trace plot for a l l  of  the time h istor ies  of each accelerometer and to 
conduct the data reduction using the Fast Fourier Transform.
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APPENDIX G
TYPICAL INPUT AND OUTPUT OF STRUDL-DYNAL 
FOR SKEW A ORTHOTROPIC PLATE
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CONDENSATION CORRESPONDENCE TABLE 
INDEPENDENT COORDINATES
JOINT ID XT YT ZT XR YR ZR JOINT 10 XT YT ZT
8 1 9 2
10 3 11 A
12 5 13 b
IA 7 15 8
l b 9 17 10
18 11 19 12
20 13 21 1A
22 I S 23 l b
2A 17 25 I B
2b 19 27 20
28 21 29 22
30 23 31 2A
32 25 33 2b
3A 27 35 28
36 29 37 30
38 31 39 32
AO 3 3 A1 3A
A2 35
XR YR ZR
CONDENSATION CORRESPONDENCE TABLE 
DEPENDENT COORDINATES
jn iN T  K XT YT 1 T JOINT ID XP
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